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PREFACE

The Engineering Design Handbook o the Army Materiel Com-
mand is a coordinated series d handbooks containing basic infor-
mation and fundamental data useful in the design and development
o Army materiel and systems. The Handbooks are authoritative
reference books o practical information and quantitative facts help-
ful in the design and development o materiel that will meet the
needs of the Armed Forces.

The present handbook is one d a series on ballistics. It deals
with the dynamics o liquid-filled projectiles which are known to
behave in an unpredictable manner in flight. Until rather recently
the causes d such misbehavior were not well understood. Whenever
such problems arose in practice they were usually treated on an
ad hoc basis, i.e., by engineering trial and error methods. Such
methods, as a rule, are time-consuming and expensive. Recently,
however, considerable progress has been made in this field. For
certain limited geometries o cavity shapes, such as the cylinder
or near cylinder, it is now possible to give the designer a set o
simple rules for the rational design o liquid-filled projectiles that
will be dynamically stable in flight.

This handbook summarizes the state of our present knowledge
which is directly useful to the designer. Many of the more abstruse
theoretical developments, principally in Russian literature, are
omitted. However, references to these are to be found in the Appen-
dix C. Since the dynamics o the liquid-filled projectile is less
familiar to the designers than the dynamics d the rigid projectile,
this handbook gives more of the theoretical background o solved
problems than is usually found i other volumes of the Engineering
Handbook Series. The emphasis, however, is onthe understanding
the physics o the problem rather than mathematics. Thus Chap-
ter 2 contains a brief review d the dynamics of a rigid projectile;
Chapters 3 to 8, inclusive, deal with the dynamics of the liquid and
its reaction on the containing cavity. Chapter 91is the design chap-
ter where the rules for the design o the liquid-filled projectile are
explicitly stated. It would be unfortunate, however, if the designers
were to use this chapter without the understanding o the theoreti-
cal background as given in the preceding chapters.

The text was prepared by Drs. B. G. Karpov and E. H. Wede-
meyer, both former members o the U. S. Army Ballistic Research
Laboratories at Aberdeen Proving Ground, Md.

The Handbooks are readily available to al elements o AMC
including personnel and contractors having a need and/or require-
ment. The Army Materiel Command policy is to release these
Engineering Design Handbooks to other DOD activities and their
contractors, and other Government agencies in accordance with
current Army Regulation 70-31, dated 9 September 1966. Proce-
dures for acquiring these Handbooks follow:
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PREFACE (CONT)

a. Activities within AMC and other DOD agencies should direct
their request on an official form to:

Publications Distribution Branch
Letterkenny Army Depot

ATTN: AMXLE-ATD
Chambersburg, Pennsylvania 17201

b. Contractors who have Department of Defense contracts should
submit their request, through their contracting officer with proper
justification, to the address indicated in par. a.

c. Government agencies other than DOD having need for the
Handbooks may submit their request directly to the Letterkenny
Army Depot, as indicated in par. a above, or to:

Commanding General

U. S. Army Materiel Command
ATTN: AMCAD-PP
Washington, D. C. 20315

or

Director

Defense Documentation Center
ATIN: TCA

Cameron Station

Alexandria, Virginia 22314

d. Industry not having a Government contract (this includes
Universities) must forward their request to:

Commanding General

U. S. Army Materiel Command
ATTN: AMCRD-TV
Washington, D. C. 20315

e. Al foreign requests must be submitted through the Washing-
ton, D. C. Embassy to:

Office of the Assistant Chief of Staff
for Intel ligence

ATTN: Foreign Liaison Office

Department of the Army

Washington, D. C. 20310

All requests, other than those originating within the DOD, must
be accompanied by a valid justification.

Comments and suggestions on this handbook are welcome and
should be addressed to Army Research Office-Durham, Box CM,
Duke Station, Durham, N. C. 27706.
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CHAPTER 1

BRIEF BACKGROUND OF THE PROBLEM OF THE DYNAMICS OF A
LIQUID-FILLED PROJECTILE

The problem of the unpredictable behav-
ior o liquid-filled projectiles in flight has
been known to designers for a long time.
Most frequently the difficulties are encoun-
tered with spin-stabilized white phosphorus
(WP) projectiles. At normal temperature
the WP filler is solid and the projectile, if
properly designed, flies well. However, if
these projectiles are exposed to an exces-
sive heat — e.g., the result of lyingin the
sun — the WP melts (110°F) and becomes
liquid. As a result, the projectile's flight
behavior might be dramatically altered.

Until rather recently the cause or causes
of such strange behavior were not well
understood by the designers. Some de-
signers conjectured that the failure of the
liquid to initially acquire full spin, thereby
not contributing its angular momentum to
the gyroscopic stability of such a projec-
tile, might be responsible for its dynamic
instability. Perhaps this misconception is
reflected in the most frequently used en-
gineering solution to instability — the par-
titioning o the cavity by longitudinal baf-
fles which force the liquid to acquire fill
spin at the muzzle.

In the United States, until recently, very
little systematic research was done in this
field. The reason may have been because
the problem appeared to be o great com-
plexity. Moreover, the relatively infrequent
appearance of such instabilities in practice
might not have justified a significant effort
in this field, particularly since the encoun-
tered problems usually yielded to some
sort d ad hoc engineering solution by trial
and error methods. Such solutions, how-
ever, usually required a compromise with
the performance of the projectile.

Nevertheless, sporadic efforts at a better
understanding o this problem have been
made. For example, during World War 11 a

fairly extensive experimental program was
conducted by firing one-inch diameter
liquid-filled models. Since the observations
d flight were visual, the models were fired
at low muzzle velocity. One' of the difficul-
ties d such visual experiments, unless the
misbehavior 1s rather dramatic, is that of
deciding whether or not the wind had a
controlling influence on the flight of rela-
tively light models. The results of these
experiments, in clucidating the causes of
the dynamic instability of liquid-filled pro-
jectile, were largely inconclusive.

Another investigation used, as an analog
of the yawing motion of the projectile, a
liquid-filled gyroscope. The gyroscope was
designed to be moved, while spinning,
through an arc o 45° thus simulating an
ascending branch o the trajectory. Unfor-
tunately, because o the experimental dif-
ficulties and for other reasons, nothing of
value was accomplished.

In England, under the auspices d the
Liquid-Filled Shell Panel of the Ministry of
Supply, the studies d the liquid-filled pro-
jectile problem were more fruitful. In par-
ticular, E. A. Milne examined all available
field trial records, from 1926 to 1940,
projectiles with liquid fillers. Examination
o these data revealed no discernible uni-
versal characteristic which could account
for the observed behavior. Earlier (1880),
Greenhill developed the theory of the sta-
bility of a liquid-filled top containing a
spheroidal cavity completely filled with the
liquid which is spinning as a rigid body.
This theory showed that, if disturbed, the
liquid acquires a great many natural oscil-
lations characterized by discrete frequen-
cies or eigenfrequencies. These oscillations,
in turn, produce pressure pulses on the
casing. The unique feature of the spheroi-
dal cavity, which is not true for cavities

1—1
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other geometries, is that only one charac-
teristic frequency causes a hydrodynamic
couple on the containing casing. The spin-
ning top might become unstable if this
eigenfrequency coincided with one o the
natural frequencies o the top. Such coin-
cidence o frequencies of two coupled oscil-
lators is known as resonance. Thus reso-
nance between the characteristic frequency
of the liquid and the top is responsible for
instability of the top. However, the trial
projectiles in Milne’s collection did not have
spheroidal cavities and most, if not all,
were only partially filled. Hence, the avail-
able mathematical model was inadequate.
Nevertheless, in a search for some fruitful
correlations among the available data, i.¢.,
what characteristics of the projectile made
some stable and others unstable, the math-
ematical model did suggest certain readily
computable physical parameters o the pro-
jectile which might play animportant role.
When these were computed and the trial
projectiles were arranged according to
these parameters, a fairly well defined cor-
relation curve could be drawn between sta-
ble and unstable projectiles as found in
actual firing trials. This is well known
Milne’s stability graph. It is empirical in
nature and should be used with consider-
able caution. More will be said about it
later.

In 1953 K. Stewartson published the
results o his investigation on the stability
of liquid-filled yrojectiile containing a cylin-
drical cavity which is either fully or par-
tially filled. He found that in the cylindrical
cavity a doubly infinite number of modes
d free oscillations occur in contrast to the
only one mode for the spheroidal cavity.
The different modes o oscillation can be
characterized by pairs d numbers (n, j)
where n and j relate to the number of radial
and axial half-waves, respectively, o oscil-
lations of fluid particles. Associated with
each mode (n,j) is a natural or eigenfre-
quency @nj or nondimensional frequency

Taj = % where Q is the axial spin of the
projectile. These oscillations produce pres-
sure pulses on the casing which might re-
sult in hydrodynamical moments. Such os-

1—=2

cillations o the fluid particles in a spinning
fluid are not to be confused with the slosh-
ing d the surface waves in a nonspinning
fluid, but are in the nature o traveling
waves in the cavity.

It was shown again that resonance be-
tween the natural frequencies of the fluid
and the projectile is the cause of the
dynamic instability of the projectile con-
taining such liquid-filled cavity. The ex-
tremely useful feature o this theory for
the designer is that the nondimensional
eigenfrequencies in a given cavity depend
only on the geometry of the cavity, i.e., its
fineness-ratio ¢/a where 2¢ and 2a are the
height of the cavity and its diameter, re-
spectively; and the amount o€fluid in it.
In principle, therefore, the eigenfrequencies
are under the control of the designer. He
can avoid resonance by a judicial design
o the cavity.

Nevertheless, at first sight, the problem
still appeared to be formidable. If there are
an infinite number of hydrodynamic mo-
ments which must be added to the equation
defining the yawing motion d the projec-
tile, the solution d the equation may be-
come prohibitively difficult. Fortunately,
however, one needs to consider only reso-
nating frequencies; the hydrodynamic mo-
ments associated with all other frequencies
are negligible. But even among the reso-
nating frequencies the theory shows that
moments associated with higher modes,
i.e.,, higher n,j values, very rapidly de-
crease in importance. Suppression d these
higher modes also is markedly assisted by
viscosity. Thus very few o the resonating
frequencies are likely to be o practical
importance. As a matter o fact, the experi-
ments with a very sensitive gyroscope, to
be described later, show that for practical
design purposes the only resonant fre-
quency which needs tobe considered is the
one associated with the smallest odd multi-
ple of the radial and axial pressure half-
wave lengths, l.e., lowest n,j, mode, which
can be accomodated in a given cavity. This
frequency, which can be called fundamen-
tal, gives rise to the largest hydrodynamic
moment.



At present the eigenfrequencies can be
computed only for the cylindrical cavities
or, by slight modification of the cylindrical
theory for cavities which depart only
slightly from the cylindrical. But at least
the fundamental cause of the dynamic in-
stability of liquid-filled projectiles has been
firmly established.

Stewartson’s theory has been abun-
dantly confirmed by the experiments de-
signed to test its predictions. To enhance
the agreement between the theory and the

AMCP 706-165

experiments, it was necessary to incorpo-
rate small viscous correction to the frequen-
cies d the inviscid theory. Also it was found
feasible to extend the theory to noncylin-
drical cavities satisfying certain conditions.
The experiments showed that the applica-
bility  noncylindrical theory is consider-
ably broader than its theoretical limita-
tions would suggest. Thus Stewartson’s
theory with its modifications and exten-
sions provides the basic tool which the
designer o the liquid-filled projectile should
use whenever it is possible to do so.

1-3/1—4



CHAPTER 2
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DYNAMICS OF A RIGID PROJECTILE

20 LISTOFSYMBOLS

2a
c/a

Cp

C

cLa
MO’

C, 1€
Mg M

Cu

P
CNQ
C1P

2
D
d

o

—

= oo

le

1yo

= diameter d cavity, ft
= fineness ratio

= drag coefficient

lift coefficient, per rad
= static moment coefficient, per rad

= yaw damping moment coefficient,

o per rad/sec

= magnus moment coefficient, per
rad/sec, per rad

=normal force coefficient, per rad

=axial torque coefficient,

perrad/sec
= height o cavity, ft
= as defined by Eq. 2—12
= maximum diameter o projectile, ft
= base of natural logarithm

= a constant associated with bear-
ing friction o gyroscope

= as defined by Eq. 23

= acceleration due to gravity, ft/sec?

damping moment factor as defined
by Eq. 23

distance between center of mass
and pivot point o gymbal, ft

= angular momentum o fluid at muz-
zle, slug-ft* rad/ sec

=V1 ol,omoment of inertia about
.y 072070
either axis of gyroscope where L
=1 _, ,slug-ft?

axial moment d inertia o empty
casing, slug-ft?

axial moment of inertia of frozen
liquid, slug-ft?

I

X

k-2
k2
y

k
P

log
M

P,q,r

Po

- -

=1, ti,, axial moment o inertia of
loaded projectile, slug-ft?

= transverse moment o inertia o
empty casing, slug-ft?

= transverse moment o inertia of
frozen liquid, slug-ft?

= "effective' transverse moment of
inertia o liquid, slug-ft? Note:
all transverse moments are¢ re-
ferred to the same center of mass.

= transverse moment o inertia of
loaded projectile, slug-ft?

T

= gravitational moment of gyro-
scope, slug-ft?/sec?

= axial radius o gyration, cal

= transverse radius of gyration, cal
= a constant o integration

= naturallogarithm

= commonlogarithm

static moment factor as defined by
Eq. 2—3; mass, slug

= mass d liquid, slug

= mass d loaded projectile, slug
= twist o rifling, cal/turn

= as defined by Eq. 23

= axial spinrate, rad/sec

= angular velocity components along
x-,y-,2= axes, respectively, rad/ sec

= spin rate o projectile casing im-
parted by rifling, rad/sec

= final or equilibrium rate, rad/sec

= (nd?)/4 frontal area o projectile,
ft?
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@®
Il

arc length along trajectory, cal
= P?/4M gyroscopic stability factor

w
|

gyroscopic stability factor d pro-
BL jectile with liquid filler

—_
»
~—

Il

= gyroscopic stability factor of rigid

(SR projectile

T = magnus moment factor as defined
by Eq. 2—3

u,v,w = velocity components along x-,y-,z-
axes, respectively, ft/sec

v = gpeed d projectile relative to air,
ft/ sec

v = velocity vector of center d mass
of projectile, ft/sec

X = differencein distance between cen-

ter of gravity o filler and center
of gravity of loaded projectile

X,Y,Z = inertial, earth bound coordinate

system

x,v,2 =body fixed coordinate system of

the projectile, located at its center
o mass with x-axis along axis of
projectile

GREEK LETTERS
B = ratio o liquid transverse moment
of inertia to its rigid value
¢ = angle of deflection, rad
Miqg =yaw damping rate due to liquid
filler, per cal or per ft

= nutational yaw damping rate, per
cal or per ft

= precessional yaw damping rate,
per cal or per ft

=v tiw/V , a complex variable
air density, slug/ft >
[ = \/1 - I/SS

T = nondimensional nutational fre-
quency of projectile

2-2

T = aaggw?{i%%j%lctﬁgecessional fre-

¢'1 = nutational yaw rate o projectile,
rad/cal

&' = precessional yaw rate o projectile,

2 rad/cal

Q =axial spin rate of projectile,
rad/sec

© =total angular velocity vector of
projectile, rad/sec

MATH SYMBOLS

- = approximately

~ = of the order

o = proportional

2-4 INTRODUCTION

We shall review briefly the yawing mo-
tion of a rigid projectile. For a fuller appre-
ciation of the dynamics o liquid-filled pro-
jectile, the knowledge and understanding
of the dynamics of rigid projectile are
essential. There are a number of excellent
references in which this subject is fully
treated 12", One o the more concise and
yet complete discussions is to be found in
Ref. 1. Here we shall avoid giving a brief
outline o the derivation of the differential
equation of yawing motion because brevity
may lead to misunderstanding. The full
treatment, however, would take too much
space. We shall begin, therefore, with the
differential equation of the yawing motion
of a rigid projectile, taken directly from
Ref. 1 (Ch. VI, Eq. 6.12).

2-2 EQUATION OF YAWING MOTION

Let V be the velocity vector o the center
d mass of the projectile relative to the
earth-bound or inertial system X,Y,Z. Let
another body-fixed coordinate system (x,y,z)
have its origin located at the center of

*Superscript numbers refer to references at the end of each
chapter.



mass d the projectile with the x-axis coin-
ciding with the axis of symmetry of the pro-
jectile and positive pointing toward the
nose, with positive y-axis pointing to the
right when looking in the positive x direc-
tion, and with the z-axis defined by the
right-hand rule. The coordinates are illus-
trated in Fig. 2—; the inertial system is
omitted for simplicity.

The components o V along the projectile
fixed axes are u,v, and w,respectively. The
components o the total angular velocity
vector w along the same axes are P.q,

<l
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and r. In Ref 1 it is shown that greater
convenience and simplicity results in writ-
ing the differential equation of the yawing
motion in a nonrolling coordinate system,
i.e., with the angular velocity d the coor-
dinates defined by (0,q,r). In this system

we define
£= X t iw
A4

where

i= /-1 The complex variable ¢ locates
the plane containing the velocity vector
and the projectile’s axis. Its magnitude
represents the magnitude o the sine of the

>

El

-]

FIGURE 2-1. SCHEMATIC OF COORDINATES

23



AMCP 706-165

yvaw. For the small yaws, for which the yaw
equation is valid (linearized system), the
sine of the yaw is equivalent to the yaw
angle. The differential equation of the yaw-

ing motion in the complex variable £ is
shown to be

£ H—iP)ES (M ¢iPDE=G Q—1)

where the derivatives are with respect to
the arc length along the trajectory, in cali-
bers, defined by:

t
s:_]-_ vdt
d
t

0

(2—-2)

The use d the arc length as an independ-
ent variable, rather then the more natural
“time”, is done in order to remove velocity
factors from the coefficients d” the equa-
tion. Although the nondimensional agrody-
namic¢ functions H,M, and T themselves are
functions of nondimensional parameters
such as Mach number and Reynolds num-
ber, they change rather slowly and for a
short segment of trajectory can be re-
garded as constants. These functions are
defined by the followingrelations:

Rs'd -2
= A - —k +
H= >m [CLQ Cp y (CMq CM&)
ps'd 2
M= Im Y Mo
]
PSd 2
— a +
T= 5= l:CLa b Cu,
} >(2r—3)
p- L (_PE): L (Zz)
Iy A" Iy n
G =Pgdv2
-2_ md?
kx = T
2 _ md?
ky T

2—4

where
e, = air density, slug/ft 3
! 7d? .

S == frontal area of projectile,
ft 2

d = maximum diameter of projec-
tile, ft

m = mass d projectile, slug

p = axial spin rate, rad/sec

n =twist o rifling, calibers per turn

A = speed of projectile relative to
air, ft/ sec

L.l = axial and transverse moments
of inertia, respectively, slug-ft?

k;z,k;z = axial and transverse radius of
gyration, respectively, cal

g = acceleration due to gravity,
ft/ sec?

(O = drag coeflicient

C. = lift coefficient, per rad

o
Cy = static moment coefficient, per

o rad

Cy tCy. =yaw damping moment coeffi-
q @ cient, per rad/sec
= magnus moment coefficient,
Cyup, per rad/sec, per rad
. ) ) p.S'd
The dimensionless quantity '“_2 is

m
sometimes called the “*density factor” be-
cause it is roughly the ratio of the air
density to the average density d the pro
jectile. Its usual value is o the order of 1074

Since we are principally interested in the
effect o aliquid filler on the yawing motion
of the rigid casing, we shall neglect the
small inhomogeneous term G in Eq. 2.
This term is caused by the curvature of the
trajectory due to gravity and gives rise to
vaw of repose. So setting the right hand
side of Eq. 2— equal to zero, the remain-
ing homogeneous equation is of the second
order in a complex variable &, with con-
stant coefficients. Its solution, therefore is



the sum of two exponentials. To obtain the
characteristic equatlon we substitute for &
in Eq. 2—1, say,e™; and obtain a quadratic
characteristic equation in m. Its roots are

complex and can be written as

=N +id
J )

=h [_H+iPi v 4M + H2 _ P2 + 2iPQT —H) ]

(2—4)
where da; is the derivative with respect to s.

Thus the solution  Eq. 2 is

g = kl el él + k2 e‘ ¢2 (2__5)

where
k] :kio e)\js
¢] = Cb,o t ¢]S

The four constants o integration are the
two initial amplitudes ko and the two initial

orientation angles . ofthe amplitude vec-
tors.

Eq. 2—5 describes the projectile’s re-
sponse to initial conditions. The amplitudes

k; of the disturbances can either grow or

decrease exponentially while the orienta-
tion angle ¢; of each amplitude vector

changes at a constant rate¢;. The resulting

motion is known as damped epicyclic mo-
tion.

In the complex roots of the characteris-
tic equation, Eq. 2—4, we can readily sep-
arate the real and the imaginary parts.
We neglect H2under the square root sign as
being d second order, expand the square
root by the binomial expansion, and collect
the real and the imaginary terms. Then
the imaginary parts are the yaw rates

=% [P VPIo M |

(2—6)
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Since ¢! must be real, the expression under
j

the square root must 2W2'S be positive,
ie.,

(92—41\4) > 0

Or, written in another form
P2/4M > 1

This is the gyroscopic stability condition.
The gyroscopic stability factoris

2
szp_>1
M

. @)

Sometimesit is convenientto designate

1—}-'- =a
s
£

The rates can then be written as

¢, ,= AP (1%0) rad/cal 2—98)

The higher rate ¢ is usually called the
“nutational” rate; the other,¢>'2, the “pre-

cessional” rate. Later we shall find it con-
venient to deal with these rates as frac-

tions of the total spin rate . Using the
definition of
| d )
--x (P4} ’»we have
L ( v
v
¢ I 1
S T cr);Tp:_zz_ (1 -0o)
nopd 2 pd 21
v 7 \
(2—9)

and we shall SP€8K of these as the “nuta-

tional” (+ ) and the ‘“precessional” (7,) fre-
quencies of the proiectile.

The real parts of the characteristic roots
are the yaw damping rates

Ma2- (%) IKH 3 *l;ﬁZT _S)] (2—10)

1 2
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Since, from Eq. 2—,

4;1 - d;2 = Po
Eq. 2—10 can conveniently be written in
the form

IS L)s2r]

Eq. 24 was derived with the assumption
that the axial spin is constant. if a slow
variation of the axial spin is taken into
account, it can be shown that another small
term should be added to the yaw damping
rates. For a rigid projectile, this term is
usually small and can be omitted. For a
liquid-filled projectile, however, if the liquid
is very dense, this term mlght play an
important role as will be shown shortly.
The term to be added is

Ldro)p
a2

(2—11)

where

o= - [cor? €

Cjp, 1s the axial torque coefficient which

(2—12)

arises from viscous interaction between the
air and the casing through the boundary
layer. Thus the complete expression for the
yaw damping rates, with slowly varying
axial spin included, becomes

fam-0 [ul ) (L]

(2—13)

The yaw damping rates vary throughout
the flight because H, T, D, and o depend on
the air density and are functions of Mach
and Reynolds numbers. To require that
the damping rates always be negative
might be too restrictive. An occasional di-
vergence of the yaw in flight, as when pass-
ing through the transonic range o veloci-
ties, may not be detrimental either torange
or accuracy. What is essential, for a well
designed projectile, is that the initial dis-
turbances at the muzzle die out as rapidly
as possible. For the initial part o the tra-
jectory it is essential, therefore, to satisfy
the dynamic stablllty condition that A; be
negative.

2-6

23 NONSPINNING PROJECTILE

The motion of the liquid in a cavity of a
nonspinning yawing projectile is usually
described by the term "'sloshing'. In recent
years the problem o sloshing of liquid in
various types o containers has received a
great deal o attention principally in con-
nection with liquid-fueled rockets. For our
purpose, however, the sloshing problem
presents little interest. As will be shown in
Chapter 3, see also Refs. 3 and 4, the
motion of the liquid in nonspinning projec-
tile causes no dynamical problems of the
type encountered with liquid-filled spinning
projectiles. If the nonspinning projectile is
dynamically stable when the liquid is frozen
(rigid projectile), it will continue to be
dynamically stable with a liquid filler. The
only effect a nonviscous liquid will have is
to alter slightly the inertial properties of
the system. The viscosity, in general, will
aid the yaw damping rates.

The motion o a rigid nonspinning pro-
jectile is quite simple. We set P= 0 in

Eq. 2. The resulting equation is:
gu+}{§n_Mg=0 (2_14)

Its solution is the sum of ’wo exponentials:

§=k1ei¢1+k2 eid
where s
k] :kjo eNj j=1,2
' Al
b, = b, t s
1 2=-JH (2—15)
Pp=-d=V-M

J
The static moment factor M for a statically
stable projectile is negative. Thus the two
yvaw damping rates are equal and so are
the magnitudes of the turning rates. How-

:bland k, e P2turn
in the opposite directions. Hence the result-

ing motion is not eplcychc but an ellipse
with a semi-major axis k; tk, and a semi-

minor axis|k, —k,| . We shall not pursue

this subject further. For greater detail and
additional information the reader should
consult Ref. 1.

ever, the two vectorsk )



24 152 VMM WP PROJECTILE XM410

We shall consider an application of some
d the formulas developed previously to
the XM410 Projectile when the WP filleris
solid and the system, therefore, is rigid.
This projectile has experienced great diffi-
culties with liquid WP and, hence, should
provide a useful vehicle for illustration of
design considerations for liquid-filled pro-
jectiles which we consider in some detail in
Chapter 9.

In order to study the dynamics d this
projectile we require certain information
concerning its physical and aerodynamic
properties. The physical characteristics —
such as mass, location of the center o
mass or center of gravity, and moments
of inertia — are relatively easy to obtain
either by computations or, preferably, by
actual measurements. To obtain the acro-
dynamic information over the pertinent
range of velocities is usually more difficult.
Some estimates can be made from known
prototypes, or some values can be esti-
mated by experienced persons. Recently a
good summary o the available aerody-
namic information on a large variety of
projectile shapes has been compiled in an
Enginecering Design Handbook >. As a last
resort, models o the projectile can always
be fired in the ballistic ranges.

In various attempts to solve the problem
d its dynamic instability with liquid WP,
the XM410 Projectile has undergone many
design changes. The sketch in Fig. 2—2 is
believed to represent an original design
which has been shortened in overall length
to increase its gyroscopic stability factor.

The physical characteristics o this pro-
jectile are given below. These may differ
from other available sets, but for our pur-
pose this is immaterial.

m, total mass of WP-loaded

projectile 1.313 slug
CG, measured from nose  1.85cal
Overall length 2.83 cal

AMCP 706-165
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FIGURE 2-2. A SKETCH OF 152 MM WP XM410 PROJECTILE
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d, maximum diameter 0.5 ft
1, 0.0446 slug-ft’
I 0.1548 slug-ft’

y

n, twist o rifling 40 cal per turn

We compute

k2 =736 cal; k'yzzz.zz cal;

2
s = %‘_ =0.196 ft2

With air density P, =0.233 x 10 “slug/ft’,
the. “density factor”

2~ 0.87x10-~.

2m

The aerodynamic characteristics have
been measured by ballistics range firings.
Ilustrative computations for the dynamic
stability o this projectile are done for
Mach 1.5 (see Table 2—I1). The projectile
also has adequate dynamic stability at
Mach numbers 2.0 and 1.0 for which the
aerodynamic data also are given in Table
2.

TABLE 2-1. AERODYNAMIC DATA FOR XM410

PROJECTILE
Mach No. 2.0 1.5 1.0
Cp 0.43 0.50 0.56
Cn,, 3.1 29 2.6
CP, cal from nose 1.5 1.4 1.3
Cmq T Sy -4.0 5.0 -2.0
Cy 0.1 0.3 0.1
C (assumed) C. -0.01
Ip

If the center of gravity (CG) and the center
o pressure (CP) are measured from the
nose, then the static moment coefficientis

given by
CMQ/ =C Ny (CG — CP)
Also
C =C - C
Lg Ny D

2-8

where Cy 1is the normal force coefficient,
perrad. ¢

By use o the aerodynamic information
from Table 2—1, the static moment at
Mach 1.5 is

Cy,, = 2.9 (185~ 1.4)= 1.30

We compute:

_ 4RSd -2 ) -4
M = ;‘m ky CMCY—9,59><10
[):I_x <2_Tr> =4.53 x10'2

I n

<

Therefore, the gyroscopic stability factor is

s, - 453 =2.14
and
g =0.730
7, =0.25  nutational frequency

T, =0.04 precessional frequency

Next we compute the aerodynamic func-
tions H, T,and D.

£,s'd e
H=—g [CLQ_CD— v (CMQ CM&):!

H=0.87x

[2.4 —0.5¢ 2.12 (5.0)1

-10.88x 1074
1
pSd c sx2c
T= 5m [ La x Mpa j|

T=087x10" {2.4 + 7.36(0.3)J = 4,01x 1074

-2
o =i (€07 5 ]

D-0.87 x 107 [0.5 - 7.36(0.01)J =0.37x10"



The D term is small and could have been
omitted. Finally, using Eq. 2—13 we finq, at
Mach 1.5, the nutational »| and the preces-

sional A\, yaw damping rates

N, =—7.99x 10" per cal or —1.60x107 per ft

)‘-2 = =357 10'4per cal or —0.71x107? per ft

The projectile, therefore, is dynamically
stable at Mach 1.5, i.e., it satisfies the dy-
namic stability condition that the two yaw
damping rates be negative.

2—5 SOME CONSIDERATIONS OF GYRO-
SCOPIC STABILITY WITH LIQUID FILLER

Detailed discussion of the stability of a
rigid projectile is found in Ref. 6. Here,
since we have all the pertinent information
for the XM410 Projectile, we shall examine
only what happens to its gyroscopic stabil-
ity if the WP becomes liquid.

By Eq. 27, the gyroscopic stability fac-

tor is proportional toP’. From the definition
o P, Eq. 23, s, is proportional to the

square d the axial angular momentum of
the projectile, i.e.

s, a P? « (lxp)2
where p is the axial spin. The axial moment
of inertia 1_can be considered as composed
of two parts — that of the casing L, and
that of the fillerregarded as rigidi_ 0" Thus,

at the muzzle, the s, for arigid prOJectlle is
proportional to:

: 2
s, (Lo Py +1,g Py)
where p; is the spin of the casing as im-

parted by the rifling. With the liquid filler,
however, the above equation should be
modified to read

12
sgoc(lx0p0+l)

where I' is the angular momentum of the
liquid at the muzzle. Experiments show,
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see Ch. 5, that unless the liquid is very

viscous, the value o 1',at the muzzle, 1s
usually %Y about 10% of its full rigid
value.” Hence, its contri sution to the total
angular momentum is small and can be
neglected. Therefore, with the liquid filler,
the gyroscopic stability factor at the muz-

zle is proportional only to (I ,p,)% This at
once reduces § g relative to the rigid filler
case, by a factor

For many projectiles i <<l ; and such

reduction in the value cfsg may not be sig-

nificant. However, for thin-walled projec-
tiles, as the XM410, such a reduction must
be carefully examined. To express it dif-
ferently: if the projectile is gyroscopically
stable with a rigid filler, there is no assur-
ance that it will be gyroscopically stable
with a liquid filler.

If air effects are neglected, once the
projectile is out of the gun, its total angular
momentum remains the same. As the liquid
gradually acquires full spin, it does so only
at the expense of the original angular mo-
mentum of the casing L Py Thus with a

liquid filler, the axial spin of the casing
decreases more rapidly with time or dis-
tance than with a rigid filler. This rate o
decrease d the spin depends on a number
o factors which will be discussed later.
However, the final level d an equilibrium
spin, when the casing and the liquid have
the same spin, is governed by the conser-
vation o angular momentum law

Teo + LoPs =Py

where p, is the final or equilibrium axial

spin rate. This, therefore, is one inertial
effect of a liquid filler on the gyroscopic
stability.

2-9
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What about the transverse moment of
inertia ly? It, too, can be separated into two
parts: 1yo without the filler (referred, how-
ever, to the CG of the system) and i « Mx?
o the filler, where iyO

moment o inertia o the filler about the

is the transverse

filler’s CG and M,x? is the transfer term
from the CG of the filler to that of the
whole system. Here M, is the mass of the

filler and x is the difference in positions o
the two CG's.

In Chapter 3 —see also Refs. 3 and 7 —
it is shown that if the filler is liquid, its
“effective” transverse moment o inertia is
less than when itisrigid, i.e., iyo has to be

reduced or multiplied by a factor, sayp,
which is less than unity. For a completely
filled cylindrical cavity, § depends only on
the fineness-ratio of the cavity, i.e., the
ratio of its height 2¢ to its diameter 2a.
The curve d B vsc/ais shownin Fig. 2—3.
Experiments* indicate that this function
can be used with adequate accuracy for a
fairly wide range of geometrical cavity
shapes.

iy =Biy0

1,0E

0 L ] 1 | L

| 1 | i 1 ]

0 1 2

~
[, ]
>

3

c/a, FINENESS-RATIO

FIGURE 2-3, RATIO OF AN “EFFECTIVE” TRANSVERSE MOMENT OF INERTIA OF THE LIQUID TO ITS RIGID VALUE
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Thus the transverse moment of inertia
of the liquid filler becomes

2

i = Biyo +Mx

and the total moment of inertia I of a

rigid projectile with a liquid filler must be
replaced by 1y0+iy. In the gyroscopic stabil-

ity factor the transverse moment or inertia
appears in two places: in P?and in M in the
radius of gyration. The replacement should
be made in both places.

To summarize: if (Sg)R is the gyroscopic

stability factor of a rigid projectile, then the
gyroscopic stability factor at the muzzle of
the same projectile when its filler is liquid
is

L, 2 L
(sg)L :(sg)R T I _+i )
X y0 y

(s) should be >1.3, which represents an

(2—16)

arbitrarily imposed safe lower limit for the
stability factor.

One more complication may arise in
practice when the liquid filler is either
exceptionally dense, such as mercury, or
its angular momentum is a substantial
fraction of the angular momentum o the.
casing. For a rigid projectile the minimum
gyroscopic stability occurs at the muzzle.
From this point the gyroscopic stability
increases rapidly reaching maximum at the
summit of the trajectory and then decreas-
ing. It can be readily shown that initially

(ang)' =2D

where prime indicates a derivative with
respect to distance. D, as previously de-
fined, is always positive for a rigid, spin-
stabilized projectile, i.e., Sg begins to in-

crease at the muzzle. However, if the liquid
is very dense, or its angular momentum is
large, the initial axial spin decay — due to
transfer d an angular momentum from the
casing to the liquid — may be very rapid,
or the final equilibrium spin may be too
low. If one were to represent, in the former
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case, even roughly, such rapid spin decay
by an “effective” axial torque coefficient
Cip such an “effective” C; might be con-

siderably larger than its normal aerody-
namic value. C, is negative by definition

and when it is multiplied, in the expression
for D, by a fairly large factor, the axial
radlus o gyration k:% the product may
overbalance the drag coefficient C, thus
making D negative. This means that, ini-
tially, at the muzzle, the gyroscopic stabil-
ity factor will decrease and reach a mini-
mum value some distance from the muzzle
before beginning to increase in the usual
manner. If the gyroscopic stability factor
1s marginal at the muzzle, its further de-
crease may lead to trouble. Whenever this
possibility is suspected, itis safer to guard
against it by replacing, in the definition of
the gyroscopic stability factor, the initial
axial spinp,imparted by the rifling, with its
final value p; as determined from the con-
servation of angular momentum. The de-
signer, therefore, should impose on the
gyroscopic stability factor an additional
factor o safety, i.e., multiply Eq. 2—16 by

X

I \2
<IXO>. Thus the final design requirement

for the gyroscopically stable projectile with
avery dense liquid filler would be

A o

We shall apply some o these ideas to
the XM410 Projectile. Pertinent physical
information follows:

I, = 0.0446 slug-ft’
1, = 0.0076slug-ft’
I, = 0.0370slug-ft’

I 2
(I"—°>= 0.69

I, =0.1648 slug-ft’
i,y = 0.0140 slug-fi’

() =

2-3 1
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M; =0.310slug

a = 0.22ft (cavity radius)
CG, filler from base, = 0.515ft
CG, system from base, = 0.488ft

x =0.027ft

M= 0.0003 slug-ft’

ig + M3 = 0.0143 slug-ft*

tMx? = 0.1405, slug-ft
c/a = 1.56
B =0.37
Biyo = 0.0052,slug-ft 2
W = pi,o Mgl = 0.0055, slug-ft’
Ivd ¢i, = 0.1460,slug-ft*
I

Y . =1.06

Previously we have found that the gyro-
scopic stability factor for the XM410 as a
rigid projectile, at Mach 1.5, was 2.14.
Therefore, if the WP is liquid, then by Eq.
2—16, the actual gyroscopic stability factor
at the muzzle is

(s)1. = (219(0.69)(1.06) = 1.57

Le, 27% less. Examination of the spin de-
cay shows that with WP liquid filler in the
XM410 Projectile, D is positive and the
above value d the stability factor at the
muzzle is a minimum.

In practice it may be adequate, in esti-
mating the degradation of the gyroscopic
stability factor with a liquid filler, simply
to multiply its rigid value by the first factor
and ignore the ratio o the unmodified to
modified transverse moments o inertia.
The error will be less than 10%.

2—6 THE GYROSCOPE

As we shall see later, if the liquid in the
cavity contains a fundamental fluid fre-
quency which is in resonance with the nuta-
ticnal frequency o the projectile, then the
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projectile may become dynamically unsta-
ble. For dynamic stability, therefore, the
nutational yaw damping rate must now
satisfy a more stringent condition:

LI

Our task shall be to show how to compute
Miq and how to suppress, if need be, the

offending fluid frequency. Unfortunately, at
present an a priori computation of fluid
frequencies can be done only for cylindrical
cavities or for cavities not departing too
far from the cylindrical. For cavities o
other geometries it is most economical, at
present, to resort to laboratory experi-
ments. A properly designed gyroscope is
an excellent tool for this latter purpose.
The equation describing the gyroscope’s
oscillatory motion is analogous to that de-
scribing the yawing* motion o the projec-
tile. Hence, inferences from the behavior
d the liquid-filled gyroscope are at once
transferable to the behavior o the liquid-
filled projectile provided that the gyroscope
is designed to simulate the projectile’s nuta-
tional frequency T,.

A description o various types o gyro-
scopes and their properties and uses can
be found in many books; see, for example,
Ref. 9.

The gyroscope is essentially a rotor
which, for liquid-filled experiments, should
be hollow. The rotor is mounted on an inner
gimbal which, in turn, is mounted on an
outer gimbal. The outer gimbal is sup-
ported by a rigid frame. A successful in-
strument, developed at the Ballistic Re-
secarch Laboratories, is shown in Fig, 5—2,
It will be described in detail in Chapter 5
in connection with the description d” some
experiments.

The elementary theory ofthe gyroscope’s
motion will be sketched only briefly. Let
the x-axis coincide with the axis of sym-
metry d the rotor, the y-axis pass through
the pivots o the inner gimbal, and the
z-axis pass through those o the outer gim-
bal. Thus the rotor spins about the x-axis



but can oscillate about the y- and z-axes.
The inner gimbal can oscillate also about
the y- and z-axes, but the outer gimbal
can oscillate only about the z-axis. Let 6
be the angle o deflection of the x-axis
from the vertical. In the projectile analogy,
this angle is equivalent to the yaw. Angu-
lar displacements about the y- and z-axes
are 4, and 6, , respectively. Let €2 be the

constant spin of the rotor in rad/sec. Also
let

I, be the axial moment of inertia o
the rotor

IY J',1I'" be the transverse moments of
inertia o the rotor, inner, and
outer gimbals, respectively,
about the y-axis.

L, I;,I: be the transverse moments of
inertia  the rotor, inner, and
outer gimbals, respectively,
about the z -axis.

All transverse moments  inertia are about
the origin, i.e., about a common pivot point.

Let o=1 +1
y y

' "
Ly,=1 ¢l ¢l

I',,' does not appear in the equation GflYO

¥
because the outer gymbal cannot turn.

about the y-axis. Further analysis is mark-
edly simplified if the gyroscopeis designed
so that IyO = L, i.e., sothat the outer gim-

bal is very light. Then one can replace Lo

and 1,4 by, say, 1=/14l,, as the moment
o 1nertia about either axis.

Further assume that the bearing friction
in the g1mbals can be represented byfo

and f 6 (viscous friction) where f is a con-
stant. Then it can be shown that the differ-

ential equations of motion in the y- and z-
components can be written (see Ref. 9) as

16, +16, +1, 26, -K, 0,20
16 +£6 —1
z z X

26,—Ky,=0
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The independent variable 1s time. K, =Mgh

is the gravitational moment where M is the
mass d the rotor and the inner gimbal, h 1s
the separation of the center d mass (CM)
and the pivot-point, and g is the accelera-
tion due to gravity. For the unstable posi-
tion, i.e., when the center of mass is above
the pivot-point, K, >0.This situation is an-
alogous to the positive static moment for a
statically unstable projectile when the cen-
ter of pressure is ahead o the center of
mass. Define

6=16,+16,

The two equations above can be combined
to give a single equation in a complex var-
iable €

16 +(f—il Q)6 —K,6 =0 (2—18)

The roots o the characteristic equation
d Eq. 2—18 are complex, giving two fre-
quencies and two damping rates. With the
assumption that f/1 @ <<1, we have

48]
T

Frequency

qQ

1. ¢
= 1+
21( o)

Nutation
1
Lo _if __'i)
Precession x** ({ ~ ( _)
¢ o) é} g
(2—19)
where
g = 1—1 =1- _1_+ Xy
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and the gyroscopic stability factor:

I
T :7"1(1+G)
I
- X (1 _
TP—_2_1(1 o)
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I's is large, as is usual with the gyroscope,

then
o=l - i
2s
g
and
I
T o=
R |
K, (2—20)
Tp o~
I Q2

It should be noted that for statically un-
stable positionK,>0, we have $,>0, o<1,

and the precessional amplitude has a ten-
dency to diverge at a rate depending on
the quality of the bearing or on the value
of f. For statically stable position K <0 ,
sg<0 and o>1 — friction in the bearings
damps both components. It is desirable,
therefore, to have frictionless bearings.
Also, it is desirable to design the gyro-
scope to have only pure nutation, i.e., to
provide the means of adjusting its center
d mass location to the pivot-point. This
suppresses the precessional motion by
making K, =0. Since the liquid affects only
the nutafional amplitude, and not the pre-
cession, the observations o the effect of
the liquid are considerably simplified.

2-# THE PROJECTILE AND THE GYRO-
SCOPE

To obtain the equations which we shall
use in the next chapter for adding the
hydrodynamic moment, let us return to
Eq. 2—1 and let H=T=G = 0. The resulting
equation

' —iP t' —-ME =0 (2—21)
describes a neutrally stable oscillation, i.e.,
the amplitudesk,, and k,, remainconstant.
Assume, also, that the velocity o the pro-
jectile V is a constant V,. Then we can
easily change the independent variable
from distance, in calibers, to time since by
Eq. 22

S =

v
B
d
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Eq. 2—21 becomes

.. I .

. oox 0
—1—P — =0
E-ipeé-T 0

(2—22)

Now
2 1 2 2
v 29_: P,S'd md c Vs
d 2m v o d

by definition of M, Eq. 2—3.

Since M=Y% Pan) S'dCM 1s defined as the

o
acrodynamic moment,

Let us also change the axial spin prad/sec
to Q@ rad/sec. Then the two equations for
the projectile and the gyroscope become,
respectively:

g ~il QF —ME =0
L e—23
18 —il 26 —K,6 0

where we let o0 in the gyroscope Eq.
2—8. The only difference between the two
equations is that the projectile is being
acted upon by the aerodynamic moment

M; whereas the gyroscope, by the gravita-
tional moment K;. The solution for each
equation is the sum of two exponentials.
To obtain the characteristic equation let

iTE

Eor fxe (2—24)

The characteristic equation for the projec-
tile, for example, becomes
12
I +2 —17+_ 2% _ =0

(2—25)
Y oAl s,

The roots are’



For stability of the system, in view of the
definition of T by Eq. 2—24, T must be real.

We shall introduce the hydrodynamic
moment, which arises from the disturbed
fluid oscillations in the cavity, into Eq.
2—23 rather than the full Eq. 2—. The
former is algebraically simpler to work
with. Since we are dealing with a linearized
system of equations, whatever one finds
with Eq. 2—23, such as a divergence of
one of its amplitudes (instability), this rate
of divergence is simply to be added alge-
braically to the aerodynamic damping o
corresponding amplitude as found from Eq.
21

As we shall see in Chapter 3, the method
o analysis o the stability of the liquid-
filled projectile system is to disturb ini-
tially undisturbed flight by causing small
amplitude oscillations, about the CG, o

the form eiTQt . Such a disturbance ex-

cites the natural fluid oscillations, causing
pressure pulses on the walls o the cavity.
When these pressure pulses associatedwith
various fluid frequencies are integrated
over the cavity, it 1s found that some pro-
duce no moments while others do. These
hydrodynamic moments, acting as exter-
nal moments, are added to aerodynamic
moments in Eq. 2—23. The stability of the
system is determined from the nature of
the roots of the characteristic equation of
the whole system. For the system to be
stable, the roots must be real.
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CHAPTER 3

DYNAMICS OF A LIQUID-FILLED PROJECTILE

3—0 LIST OF SYMBOLS*

2a = diameter of cylindrical cavity
b

a constant depending on fill-ratio

2b = diameter d cylindrical air column
for a partially filled cylindrical
cavity

C = aerodynamic coefficient

Cl = component of aerodynamic mo-
ment of empty projectile

Cm = component of aerodynamic mo-
ment d’ empty projectile

2¢ = height o cylindrical cavity

C, = Bessel function

d = deceleration d projectile

F(r,t)= 0= equation of surface bounding the
liquid

G(f, =0= equation d a free surface

h = distance from point on axis o pro-

jectile to CG; distance between
center of cavity and center of rota-

tion

i = /-1

N = Bessel function

J = axial mode number

K = c¢/a fineness ratio; a constant

L = axial (longitudinal) moment o in-
ertia of empty projectile

lLma = components of the unit vector z'
along the x-, y-, z- axes, respec-
tively (direction cosines)

M = hydrodynamic moment on projec-
tile

M = hydrodynamic moment vector

*Dimensions are omitted since there are no engineering
applications in this chapter. If the given formulas usin
these symbols are to be applied, any consistent set
units may be employed.

M M. = components of M about x-,

yz’? sz’ Xy o
y-, z- axes, respectively

= mass o liquid filler

M

nf = radial mode number

P = hydrodynamic pressure
P, = pressure due to basic flow
p = perturbation pressure

r, 6,z = cylindrical system of coordinates
with the z-axis along the direction

d flight

S = —4D(v,;) / (L de )Stewartson’s
parameter

T = transverse moment of inertia o

empty projectile

T, = “effective” transverse moment o
inertia of liquid

t = {ime

U,V,W = velocity components of basic flow
along r, 9,z, respectively

u,v,w = velocity components of perturbed
flow along r, 9,2z, respectively

v = flow velocity vector

Vb = velocity vector d basic flow

2 = perturbation velocity vector

Y, = Bessel function

xy,z = inertial system o coordinates with

z-axis along the direction o flight

x%y',2' = body-fixed coordinate system o
projectile located at its center
mass with z'-axis along axis o
symmetry d projectile

GREEK LETTERS

& = yaw angle

™

= 1(§g reciprocal of gyroscopic sta-
bility factor
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Y = wt azimuthal angle

n = displacement o a free surface

v = kinematic viscosity of fluid

3 =1 * im sine of yaw, for small yaw
¢ is yaw angle

P = density o fluid

T = w /2 nondimensional nutational fre-
quency

T,0f 7= w,;/Q nondimensional  eigenfre-
quency

i = nondimensional precessional fre-
quency

Q2 = axial spinrate

= nutational (or precessional) fre-
quency
MATH SYMBOLS

~ = approximately

- = of the order

S = proportional

3— INTRODUCTION

The dynamic equations of a spinning pro-
jectile become very complicated when the
projectile is filled with liquid. In fact, it is
not generally possible to describe the be-
havior d" a liquid-filled projectile by a
simple dynamic equation as Eq. 2—1 for
the rigid projectile. The liquid within the
cavity of the projectile, as it moves about,
exerts pressure forces on the inner walls
of the cavity, producing a moment on the
projectile. This external moment must be
considered in the dynamics d the projec-
tile in a manner similar to the moment due
to aerodynamic forces. However, the motion
d the liquid and, therefore, the moment
produced by this motion are not completely
determined by the instantaneous motion o
the confining casing but rather by the en-
tire history o the projectile’s motion. When,
for example, the projectile is at rest, this
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does not imply that the liquid within the
cavity is at rest; it only implies that, if
there is a flow of liquid inside the cavity,
the flow velocity near the wall must be di-
rected parallel to the wall.

When the projectile undergoes any mo-
tion, it is necessary that the liquid follow
this motion to a certain extent. Precisely,
the flow must adjust to the motion of the
cavity walls so that, at any point on the
wall, the flow velocity has a normal compo-
nent equal to that o the wall. Certainly,
these“boundary conditions” are insufficient
to determine the state of the fluid motion
which is determined by the previous motion
d the boundaries as well.

For the reasons given above it is clear
that the stability of a liquid-filled projectile
depends not only on the design properties
d the projectile and the physical properties
d the liquid but, in a sense, on the flight
history, too. Itis possible that a spin-stabi-
lized liquid-filled projectile will be quite
stable at the beginning of its trajectory
andbecome suddenly unstable as the liquid
within the cavity attains a certain amount
of rotation, and vice versa.

From the preceding discussion it should
be clear that the dynamics d a liquid-filled
projectile system involves an extremely
complex interaction between the motion of
the casing and the motion of the liquid
within the cavity. It is not surprising then
that the problem of predicting the dynamic
behavior of a liquid-filled projectile can be
solved — exactly — only for certain special
cases or under very restrictive conditions,
or both. Other cases require simplifications
and approximations in order to be mathe-
matically tractable.

It is very fortunate that the limitations
dictated by mathematical tractability do
not greatly restrict the application of the
theory to the more important practical
problems as, for example, the prediction o
stability of the liquid-filled projectile sys-
tem.



The main limitation o the present theory
is the following: it is assumed that the pro-
jectile moves with essentially constant
speed and eventually spins about its axis
of symmetry. Superimposed on this basic
translational and rotational motion is a
small yawing motion, i.e., only small per-
turbations about the state o uniform mo-
tion of the projectile are considered. The
assumption of a small perturbation is com-
pletely appropriate when one is concerned
with the question of stability. As in the
case d a rigid projectile, a liquid-filled pro-
jectile is considered unstable when a small
perturbation increases in time and, vice
versa, the projectile is stable when the per-
turbed motion is damped. As a consequence
d the small perturbation assumption, one
can assume that the motion of the liquid
consists o an essentially steady basic flow,
superimposed on which is an oscillatory
flow of small amplitude. The smallness of
the superimposed oscillatory flow permits
linearization of the equations for the per-
turbed fluid motion as well as the dynamic
equations o the projectile.

The linearization of the fluid dynamic
equations is essential for the tractability
the whole problem. While the nonlinear
equations for the spinning rigid projectile
can be handled, it appears tobe quite hope-
less to solve the nonlinear fluid dynamic
problem.

The division o the flow field into a
steady basic flow and a superimposed oscil-
latory flow is an idealization, justified only
under the assumption of small yaw ampli-
tude. When a small yaw can be assumed,
then and only then is it possible to treat
the basic flow and the superimposed oscil-
latory flow separately.

The basic flow is generated by the un-
perturbed motion o the casing, i.e., by its
translational and rotational motions. When
the projectile spins, the liquid within the
cavity is taken along with the walls by fric-
tion and starts to rotate. As the time
elapses, the liquid acquires more and more
rotation until finally all of the liquid rotates
with the casing as if it were solid.
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The basic flow, thus, consists of a more
or less uniform rotation depending on the
spin o the projectile and the time elapsed
after the firing; it is, however, not affected
by an eventual yawing motion of the pro-
jectile.

Once the basic flow is given, the super-
imposed oscillatory flow consequent to the
yawing motion of the projectile depends
only on this yawing motion, i.e., on the fre-
quency and amplitude of yaw. It should be
mentioned that the independence d the
oscillatory flow from the previous motion
the projectile rests on the reasonable as-
sumption that both the basic flow and the
yvaw amplitude are “almost” stationary,
i.e., that their characteristic time o change
is large compared to the inverse o the yaw
frequency.

A consequence d this independence from
the previous motion d the projectileis that
the moment due to liquid oscillations can
be related directly to the instantaneous
motion of the projectile. This fact is very
important for the writing o the dynamic
equations which take the simple form of
differential equations only when the acting
forces are determined solely by the instan-
taneous motion, i.e, the yaw angle and its
derivatives rather than by previous events.

The period during which the liquid
achieves full spin — denoted as the “spin-
up” period —isusually short compared with
total time of flight. The duration of the spin-
up period depends on the liquid viscosity,
the geometrical dimensions of the cavity,
and on the spin rate itself. Some problems
regarding the attainment o liquid rotation
and dynamic stability during the spin-up
period are discussed in Chapter 8.

For the present it may be sufficient to
note that in practice the state of solid rota-
tion is the most important one to consider
since the spin-up period is usually rather
short. In typical cases, a state d substan-
tially solid rotation is achieved within a
distance of a few thousand calibers of
travel from the muzzle.
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If we omit the earliest part of the pro-
jectile’s trajectory from present considera-
tion, we can assume that the basic flow o
the liquid within the cavity of a spinning
projectile is a solid rotation having the
angular velocity of the projectile. The
superimposed oscillatory flow is regarded
as a perturbation about the state o solid
rotation. It is again very fortunate that the
most important practical case, in which the
liquid has achieved fill spin, is compara-
tively simple from the analytical point
view. In fact, if full spin of the liquid is as-
sumed, exact solutions d the stability prob-
lem can be obtained for special cavity
shapes. The earliest example — Greenhill’s
solution for the spheroidal cavity —is char-
acterized by mathematical simplicity. How-
ever, its practical application is rather
limited. The second example— Stewartson’s
solution for the cylindrical cavity —has be-
come the most important tool for the
prediction of stability and the basis
on which further refinements have been
built. Both of these examples will be dis-
cussed in greater detail — Greenhill’s solu-
tion because o its mathematical simplicity
and Stewartson’s solution because o its
practical relevancy.

32 EQUATIONS OF PERTURBED FLUID
MOTION

The motion of the liquid within the cavity
of the projectile is described by the Navier-
Stokes Equations together with certain
boundary conditions. Throughout the analy-
sis which follows it is assumed that the
liquid is incompressible. Then the Navier-
Stokes Equations, in vector notation, reduce
to:

Vi V.vv+VE= L9’V (3-1)

VeV=0 (3—2)

HereV denotes the flow velocity vector,
P the hydrodynamic pressure, p the density
and v the kinematic viscosity of the liquid,
t the time, and V the differential operator
nabla (del) which,in Cartesian coordinates,
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is defined as: ¥V = ("g‘x ’ %); ’ %Z-) The flow
velocity vector V(x,y,z,t) and the pressure
P(x,y,z,t) must satisfy not only the partial
differential Eqs. 3—1 and 3—2 but also the
boundary conditions which, in their most
general form, are as follows:

(1) Condition on any surface bounding
the liquid (solid wall, free surface,
interface): the component o the flow
velocity normal to the surface must
equal the normal component of the
surface velocity.

(2) Conditionon a free surface: the pres-
sure must be constant on a free sur-
face.

(3) Condition on a solid wall: the tan-
gential component of the flow velo-
city must equal the tangential com-
ponent of the velocity of the wall.

Frequently, the term vv?V in Eq. 3—1,
which represents viscous forces, is neg-
lected. With this “inviscid approximation”
the boundary condition (3) is disregarded
(see pars. 3—2.2 and 3—2.3).

As outlined above, the flow is thought to
consist d two parts: (1) an essentially
steady basic flow, the components of which
may be denoted by Vb, P, and (2) a small

perturbation ¥, p. The basic flow Vb,P, is

generated by the undisturbed motion of the
cavity walls, i.e., by the simple spinning
motion. Thus the basic flow alone is a solu-
tion d the Navier-Stokes Equations (viz.
the solution with the appropriate boundary
conditions imposed by the pure spinning
motion of the walls). Inserting the total flow
vector V=V, +v and pressure P +p into

Eqs. 3—1 and 3—2 and considering that the
basic flow V.. P solves the equations, one
obtains:

%ﬁ? s VV +V, s VvVt ¥ _pP_ = vV
(3—3)
Vev=0 (3—4)



Here the second order term v * V v has
been neglected in accordance with the as-
sumption that the perturbation™; pis small
in comparison with V,, P,.

The boundary conditions (1), (2), and
(3) apply, naturally, to the sum of the two
flow fields: Vy tv, P, tp.

The basic flow velocity V, which occurs
in Eq. 3—3 is not yet specified, except that
V, must solve the Navier-Stokes Equations.
As stated before, V, may be a rigid rotation
about the spin axis, a motion which is actu-
ally attained after a sufficiently long time
after firing. Whatever the basic flow is, it
must be specified before the perturbed mo-
tion can be computed.

3—21 INVISCID APPROXIMATION

In the previous paragraph the equations
of perturbed fluid motion are derived in full
generality for future application. Here an
important simplification of the general
equations will be considered, namely, the
equations of inviscid flow, which result
when the viscous term on the right hand
side d Eq. 33 is neglected. The resulting
inviscid equations are substituted for the
full viscous equations on the usual assump-
tion that the viscous, or frictional, forces
which are represented by the term on the
right hand side of Eq. 3—3 are negligibly
small.

It should be emphasized atthis point
that although viscosity plays an important
role in the attainment o liquid spin, it
may — and frequently does — havea negli-
gible influence on the oscillatory motion
the liquid. But even when the influence o
viscosity on the oscillatory motion is not
negligible, the inviscid solution provides an
approximation which can be improved by
the methods discussed in Chapter 6. Ac-
cordingly, throughout the following para-
graphs d this chapter the liquid within the
cavity d the projectile is considered as in-
viscid, i.e., the wviscous term vv°¥ In
Eq. 33 is neglected.
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In conjunction with the reduction d the
second order viscous equations to first
order inviscid equations, the boundary con-
ditions reduce to conditions (1) and (2)of
par. 3—2.

An equivalent formulation o the boun-
dary conditions (1) and (2) can be given
as follows:

(1) IfET, vy =0is the equation of a sur-
face bounding the liquid, the condi-
tion on | t) = 01s

OF+V+vF=0 when F(T, t) =0

at

3—3)

(2) If G(T, vy = 0is the equation of a free
surface, the conditionis

P=P, tp=0 when G(T, 9 =0 (3-6)

Eq. 3—5 is a consequence d the boundary
condition( 1):a fluid particle which at time ¢
is located at a point T of a bounding surface
moves so that at time t tdt its location
Te¢Vdt is again on the bounding surface;
i.e., when t) = 0,1t follows that F (i+ V at,

ttap=0or2F¥+V.vrF=o.
at

3—22 EQUATIONS OF PERTURBED FLUID MOTION
IN CYLINDRICAL COORDINATES

Cavities d liquid-filled projectiles have,
with rare exceptions, the shape o bodies of
revolution with a symmetry axis coincident
with the symmetry axis o the projectile. It
is convenient, therefore, to introduce a cy-
lindrical system of coordinates (r, €,z)such
that the z-axis is along the direction o
flight which, for zero yaw, coincides with
the' spin — and symmetry axis. Here r is
the radial distance from the axis and € is
the polar angle. The velocity components
d the basic flow and the perturbation in
the (1, €,2z) system are, respectively:

V,=(U,V,W) and

vV =(u,v,w).
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The origin of the coordinate system (r,6, z) 1s
fixed to the moving projectile, i.e., the co-
ordinate system is assumed to move uni-
formly but not to rotate with the projectile.
(Rotating coordinates are introduced by
Stewartson' and other authors ; such co-
ordinates offer slight advantage when the
basic flow V, is a solid rotation. For eco-
nomicuse d notation and toavoid con-
fusion, rotating coordinates will not be used
in the analysis which follows unless it is
explicitly so stated.)

When the cavity is a body of revolution,
it is possible to specify, to a certain extent,
the basic flow V. Obviously, because of the
rotational symmetry of the cavity, the gen-
erated flow field must have rotational sym-
metry, i.e., V, must be independent d the
polar angle 6. Moreover, as is shown in
Chapter 8,V, is also independent of zand
only its circumferential component V is dif-
ferent from zero. Thus the basic flow re-
duces to only one component which de-
pends on rand t only:

V, = (0, V(r,t), 0). 3—7)

It can also be shown (see Chapter 8)
that V(r,t)depends only very weakly on
time, so thatV(r,t)undergoes a negligibly
small change during each cycle of the yaw-
ing motion of the projectile. Consequently,
V may be treated as quasi-steady, i.e., the
time dependence o V may be ignored as far
as the solution of Egqs. 3-—3 and 3-4 is
concerned. With V specified in this way,
and with viscous terms neglected, Eqgs, 3—3
and 3-4 become, in cylindrical coordinates

Bu,Vou_ 2V, app g (3—8)
ot r 96 r or
Qv VvV ov (EY Viegldp/e -9 (3—9
5t T r a8t dr+F)"+F 96 (5=9)
Ow. V ow ,op/p _ 0 (3—10)
ot r 00 oz
Quyu,l 9v 0wy (3—11)

ar r r Qg8 oz

With V, specified by Eq. 3—7, the boundary
conditions, Egs. 35 and 3—6, become in
cylindrical coordinates

OF y OF v+l 0F g OF -9
ot ar r 96 o9z

when F(r, 8,2,0=0 (3—12)

P=P +p=0 when G(r, 6,2z,t)=0 (3—13)

3—23 BOUNDARY CONDITIONS IMPOSED BY THE
YAWING MOTION CE' THE PROJECTILE

An explicit formulation of the boundary
conditions of perturbed fluid motion can be
given only when the shape of the cavity
and the motion of the projectile are known.
It 1s, however, possible to compile the
boundary conditions in a rather general
form which can be easily adapted to cases
d special interest.

It is assumed that the cavity has rota-
tional symmetry and that the spinning pro-
jectile performs a pure nutational or pre-
cessional motion. (The general yawing mo-
tion can always be made up from each pure
motion — nutation and precession — by
superposition. It is thus sufficient here to
consider a pure circular motion which can
be either nutation or precession. )

The liquid is assumed to rotate, initially,
with velocity V(r) about the axis of sym-
metry. Obviously, V(r) satisfies the bound-
ary conditions for zero yaw. When, however,
the projectile undergoes a small yawing
motion in addition to its spin, a pure rota-
tion o the liquid is no longer compatible
with the boundary conditions. The per-
turbed motion of the projectile is communi-
cated, through the cavity walls, to the ro-
tating liquid, causing it to perform a per-
turbed motion also.

To describe the yawing motion of the
cavity walls, it is convenient to introduce
two coordinate systems. (For the benefit
of those who wish to study the original



Stewartson's paper' and to follow more de-
tailed development by Ash and Gundersen®
we shall follow Stewartson's notation and
his coordinate system. This differs from
that of Chapter 2 in that the z-axis lies
along the axis of symmetry of the projec-
tile rather than the x-axis as in Chapter 2.)
The two coordinate systems are: inertial
system (x,y,z) where the z-axis lies along
the direction of flight, and a body-fixed
coordinate system (x',y', z') so that z' lies
along the axis d" symmetry of the projec-
tile. The (x', y', 2') system is obtained when
the (x,y,2z) system is rotated by the

[
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amount and in the direction o the yaw
angle .

The relations which follow are most
easily derived by referring to Fig. 3—1. In
this figure the z-axis is shown upward and
the z'-axis forms the yaw angle « with the
z-axis. (In order not to confuse the dia-
gram, the x', y'-axes are not shown.) Also
shown in Fig. 3—1 is the unit vector z'
which points into the direction of the z'-
axis. The projections of Z' on the (x,y,2) -
axes are, respectively: (I,m,n) = (sin ¢ cosY,
sin e sinY ,cose ) where Y is the azimuthal

" FIGURE 3~1. SCHEMATIC OF COORDINATES
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angle shownin the figure. (It may be noted
that in the notation of Chapter 28l v/V,
m=w/V, andn=u/V where V is the velocity
of the projectile and u,v,w, are its velocity
components on the projectile-fixed coordin-
ate system.) If now the projectile precesses
(or nutates) with the precessional (or nuta-
tional) frequency w, the end point of the
unit-vector z' describes a circle as indicated
in the diagram and the azimuthal angle v
changes according to the relation: ¥ = wt
The components of the unit vector z' are
then

Zz' = (Lm,n) = (siny coswt, sine Sin wt,
cos a ).

In accordance with the assumption that
the yaw angle o is very small compared to

unity, it is permissible to neglect terms o
the "second and higher orders in v, ie.,

(I,m,n) = (@ cos wt, ¢ sinwt, 1) (3—14)

The transformation rules between the
(x,y,z)-system and the (x',y',z")-system are
(neglecting terms of higher than firstorder)

x'=x -

y' =y —mz
Z':Ztlxtmy

The liquid within the cavity d the projec-
tile is bounded by the solid walls of the
cavity and — if the cavity is only partially
filled — by a free surface. In the analysis
which follows it is assumed that the liquid
is rotating sufficiently rapidly so that the
free surface — prior to perturbation —is a
cylinder parallel to the axis o symmetry.
(In other words, gravity and deceleration
are assumed to be negligible in comparison
with the centripital forces.)

The boundary condition on the cavity
surface can be derived from Eq. 3—12. For
a cavity of rotational symmetry, the equa-
tionof the cavity surface in body-fixed coor-
dinates is

2 =x'2 4 y|2 - RZ(Z') =0 (3—16)

where R(z") is the cavity radius at z'. The
same equation in space-fixed coordinates
(x,y,2) is obtained by substituting x',y' and
z' according to Eq. 3—15. Neglecting,
again, higher order terms and considering
that

R2(z ¢ Ix € my) = R%(z) thZ(lx ¢t my) ¢ higher
z

order terms, we obtain

x? ty2 —R%(@z) —(22 + ‘%;)

(Ix tmy) =0

Finally, Eq. 3—17 may be expressed in
polar coordinates {r, 8 z). It is

X=tcosf ; y=rsinb

Substituting for %y according to Eq. 3—18
and for |,m according to Eq. 3—14 yields

Ix tmy = or cos (wt —6)

xzty2=r2

With Eq. 3—19, Eq. 3—17 becomes

2
2 —Rz(z) - a(22+;_1.R_)r cos(wt —9)=0
z

(3—20)

Eq. 3—20 is the differential equation of the
cavity surface in space-fixed polar coordin-
ates. The boundary condition on the cavity
wall can now be easily derived by substi-
tuting the left-hand side  Eq. 3—20 for
F(r, 6,2,t) in Eq. 3—12.

Considering that the perturbation veloc-
ity components (u, v, w)are — like the yaw
angleo — small compared to the basic flow
(U,v,W) and neglecting higher than the first
order terms, one obtains

2
2ru - g_Rz W= ar(‘rl —w)(Zz t%%) sin (wt— §)
z

when r =R(z)



In accordance with the linearization and
neglect d higher order terms, the boundary
conditions, Eq. 3—21, will be satisfied on
the cavity surface of the undisturbed spin-
nir:g projectile, i.e., at r =R(z).

3—2.4 BOUNDARV CONDITIONS ON A FREE SUR-
FACE

To determine the boundary conditions
on the free surface of the liquid, it is impor-
tant to remember that the free surface is
displaced relative to its undisturbed posi-
tion. It can, however, be assumed that the
displacement is small.

For the undisturbed projectile, the free
surface is assumed to be a cylinder parallel
to the axis, its equation beingr = bwhereb
is a constant depending on the fill-ratio.
The displaced free surface, then, is given
by the equation

r=b+n(8,z1)

or G(r, 6,zt) =r —b - n(6,z,t)= 0 (3—22)

where 7 is the displacement of the free sur-
face from its equilibrium position. It can be
assumed that n/b €1.

Since the free surfaceG(, 9,z,t) =01s a
surface bounding the liquid, G(r, 6,2, t) must
satisfy Eq. 3—12, i.e.,

8644 3G, +")§+waG-0

ot ar r B9z

2
20 9z (3—23)

Substituting Eq. 3—22 into Eq. 3—23 and
neglecting higher order terms, we obtain
a condition for 1

[e9]
=
+
- | <
QJ'QP
|3
1t
=

(3—24)

@
-

The dynamic condition on the free surface,
Eq. 343, becomes

Pb(b+n)+p(b+q)=0
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or, neglecting higher order terms

5P
Py(b) + “ (‘as—b) +p(b) = 0 (3—25)

According to the dynamic equations

oP 2
b= pV

T . (3—26)

Eq. 3—26 evaluated at r=b and substituted
in Eq. 3—25 gives

P (b) + P VD) o+ p(b) = 0

(3—27)
b

Finally, n can be eliminated by applying

a,vae i
the operator T 56 to Eq. 3—27. One

obtains

2
v(b)u+l(ﬂ’+y_af>=0, when r=b
b plat r 59

(3—28)

Eq. 3—28 i5 the boundary condition on a

free surface of the rotating liquid. '™ con”
trast to the boundary condition on the cav-

ity wall, Eq. 3—28 is a homogeneous boun-
dary condition, i.e., the yaw angle « does
not enter into it.

3—3 REACTION OF THE LIQUID UPON THE
PROJECTILE

The dynamics of a liquid-filledprojectile
involve a coupling of the equations o fluid
motion and the equations o yawing motion
d the projectile. Precisely, the fluid motion
depends on the motion of the projectile and
the motion o the projectile depends on the
reaction of the fluid motion. To uncouple
the two sets of equations itis assumed that
the liquid-filled Projectile describes a yaw-
ing motion of the same type as a rigid pro-
jectile. In combined motion, however, the
frequency and damping rate may be
changed relative to the values for the rigid

39
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projectile. Thus the first step is to compute
the fluid motion consequent t0 a yawing
motion of — for the present — an unspeci-
fied frequency and damping rate. Once the
fluid motion 1s known, the reaction of the
liquid can be computed and introduced into
the equations of yawing motion. Finally the
equations d yawing motion yield a condi-
tion for frequency and damping rate of the
liquid-filled projectile system.

3-3.1 MOMENTS DUE TO THE LIQUID

The perturbed fluid motion produces
pressure forces on the cavity surface which
in turn give rise to a moment on the projec-
tile. When the pressure P is known, the re-
sulting hydrodynamic moment M is found
by integration:

f Pr x dA
A

where dA denotes the vectorial surface ele-
ment (pointing in a direction normal to the
surface and away from the inside), T is the
radial vector from the moment-reference

point to the surface element. and T x dAis
the cross-product between T and dA. The
integral is taken over the wetted part of
the cavity surface.

(3—29)

__ The components of M may be denoted by
M=M,,, M, M,)where, for example,M,, s

a moment about the y-axis which is
directed so that — for positive M, —it
tends to turn the z-axis toward the direc-
tion of the x-axis. (The use o double sub-
scripts (yz, zx, xy) instead of (x,y, z) is con-
venient here as it designates the direction
of the torque and also accounts for the fact
that M is really an antisymmetric tensor
with components My, =-M, ete.)

M., M, M, ) are the components of M

in the 1nert1a1 system (x,y, 2). In practice it
1s easier to compute the components o
M in the body-fixed coordinate system
(x',y',z). Let the components o Min the
body- fixed system be: My, My M) Then,

zx’
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since M is o first order in o, we find that,
within first order
M;lz = Myz ) M'zx = sz ; M:Izy =Mxy

Thus, we can use the components o M in
the primed system as the components in
the unprimed system.

(X special interest is the cavity o rota-
tional symmetry. Assume that the shape o
the cavity surface is given by an equation
' =R(z"). Thenforz, < z' ~ z, the integral,

Eq. 3—29, assumes the special form

%
// ztRa——)Rcos @' do' dz!

(3—30)

// P(z' +RT)R sin §' dg'dz'
(3—31)
Mxy =0 (3—32)

oR— case
a II)ﬁa% gr? mﬁs&n’&lmteéw%ylst@e expres-
sions on the right-hand sides of Eqs. 3—30
and 331 degenerate. Let us assume, for
example, that the cavity has a plane end-
wall atz' =z and let us denote the portion
d the moments contributed by the plane

endwall by (sz)zl and (Myz)zl, respec-
tively. Then, considering that R(z") =1,

dR dz' = dr'

we may write
dz'

_R/Tl) T
M)z Pr? cos 6' d 6' dr' (3—30a)
00

R(z)) 2n

M), :/f Pr'? sing' d¢'d (3—31a)
0 0



332 EQUATIONS OF YAWING MOTION

The dynamic equations o the yawing
motion of a liquid-filled projectile have a
similar form as the corresponding equa-
tions of a rigid projectile (Eq. 2—23; the
only difference being that the moments due
to liquid oscillations must be included in
the “external” moment. Thus, the dynamic
equations may be written

THL +LQ W ~Cl=M__ (3—33)
de? dt
TEO_Lo#t —Cm=M (3—34)

de? dt yz

where Cl, Cm are the components of the
aerodynamic moment, T and L the trans-
verse and longitudinal moments o inertia
o the empty projectile, respectively, and
the spin frequency. M, and M, arctheme

ments due to the liquid as defined by Egs.
3—30and 3—31.

Eqgs. 3—=3 and 3—34 can be combinedas
usual into one complex equation. Writing
ltim=§ ; M, tiM =M gives

Tﬁ, —iLQéﬁ -C¢ =y
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3—4 NONSPINNING LIQUID

The assumption o a nonspinning liquid
seems to be relevant only in connection
with a nonspinning projectile. For a spin-
ning prOJectlle the fluid near the wall at-
tains spin quite rapidly, a fact that pre-
cludes the assumption of nonspinning
liquid. In typical cases the liquid has
achieved about 10%d spin when the pro-
jectile leaves the muzzle (see Ch. 5).

For a nonspinning projectile, however,
the assumption of nonspmmng liquid 1is

valid and the results outlined in the para-
graphs which follow are applicable.
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The effects of a nonspinning liquid on
the dynamics o a projectile are summa-
rized in pars. 3—4.1 and 3—4.2,

3—4.1 COMPLETELY FILLED CAVITY

When the cavity is completely filled so
that no free surface is formed, the presence
d the liquid only influences the weight,
center of gravity, and moments of inertia
d the projectile. The proper weight and
center d gravity o the projectileliquid
system are to be taken just as though the
liquid were replaced by a solid o identical
specific weight. The moments of inertia,
however, are different from those which
one would obtain by treating the liquid as
a solid. The liquid follows less than a solid
the yawing or pitching motion of the pro-
jectile and, therefore, contributes less to
the moments of inertia than a solid o’ equal
weight occupying the same volume. The
presence d the liquid can be accounted for
by attributing to the liquid “effective” mo-
ments o inertia. The effective moments
are fractions d the rigid moments d iner-
ti1a.

The inviscid liquid within a spherical
cavity, for example, is not constrained to
follow any rotation d the casing about the
center; therefore, all effective moments o
inertia taken about the center are zero.
Similarly, for a liquid-filled cavity of rota-
tional symmetry, the effective moment of
inertia about the symmetry-axis is zero.
Once the effective moments about a certain
point are given, one can recompute their
values for any other point in the same way
as for a solid.

In particular, if the effective transverse
moment d inertia about the center d grav-
ity 1s T,, the effective transverse moment
about a point on the axis at a distance h
from the center o gravity 1s: (T,), =T, t M{ h?,

where M; is the mass of the liquid.
If necessary, the effective moments of

inertia can be computed by methods outi
lined in the following. An exampleis given

311
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in par. 3—6 for the spheroidal cavity. Gen-
erally, a computation of the moments of
inertia is not necessary since the stability
d a nonspinning projectile does not depend
on it. Moreover, the contribution of the
liquid to the total moments o inertia is
usually very small. For the stability o a
nonspinning projectile, it is necessary and
sufficient that the center o gravity lies
ahead d the center of pressure. For the
design of a stable projectile, therefore, the
shift of the center o gravity due to the
liquid should be calculated.

3—4.2 PARTIALLY FILLED CAVITY

When the cavity is only partially filled,
the reaction of the liquid upon the yawing
motion d the projectile is less simple. Some
t i e after firing the liquid forms a free sur-
face, the shape o which depends on the
joint action o gravity and deceleration.
(Immediately after firing,the liquid is likely
to undergo a violent splashing motion
which, however, subsides quickly by the
actiond strong deceleration.) If we assume
that the deceleration o the projectile is
many times larger than gravity, the action
d gravity may be neglected. The liquid,
then, moves inko the most forward position
and forms — prior to perturbation — a
plane free surface which is perpendicular
to the direction of deceleration, i.e., the
direction of flight.

The yawing motion of the projectile
causes oscillations of the liquid with waves
forming on the free surface (analogous to
gravity waves). Usually the mass o the
liquid is relatively small and hence the re-
action of the wave motion on the casing is
negligible. An exception arises when the
yaw frequency is close to a natural fre-
quency of free oscillation of the liquid. In
this case the wave amplitude can rise very
high and cause a noticeable interaction
with the casing. (For the basic mode o free

oscillation the natural frequency is roughly
wy =2mn, = yd/a where d is the decel-
eration o the projectile, and 2a the dia-

meter of the cavity at the location of the
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free surface.) Due to the strong interaction
at resonance, the yawing frequency may
be shifted somewhat. However, in contrast
to the case o a rotating liquid, the oscilla-
tory motion has no detrimental effect on
the stability of the projectile. In any in-
stance o instability, energy is transferred
to the perturbed motion. When aerody-
namic forces are not destabilizing, the per-
turbation energy must have its origin in
the projectile-liquid system itself. However,
it the projectile and liquid have no spin, the
energy d the unperturbed system is atits
lowest value and hence no energy can be
transferred to the perturbation. This is dif-
ferent for the spinning projectile where a
large amount o rotational energy is stored
in the system.

3—43 COMPUTATION CF EFFECTIVE MOMENTS
OF INERTIA

For a nonspinning liquid the equations o
perturbed fluid motion, Eqs. 3—3 and 34,
reduce to

9y P _ 3—36
e TV =0 ( )
Yev =0 (3-37)

In order to compute the perturbed flow, it
is often convenient to eliminate V. Taking
the divergence of Eq. 3—36 and making
use of Eq. 3—37 yields

p = ¢ (3—38)

In polar coordinates Eq. 3_38reads

2g) , 1
371

r

a€), 1 2 o'

t = — = —

o, 392 t 522 0 (3—39)
In the discussion which follows some basic
results for cavities d rotational symmetry
are presented. It is assumed that the cav-
ity is given —in body-fixed coordinates —

by an equation: p?=x? ty'2 =R? (zV)
or, according to Eq. 3—17, in space-fixed
coordinates



F(r,0,2,t) =t* — R*(2)

dr’

—(22+HZ_.

J(lcos@ +msing )=0

The boundary conditions follow when Eq.
3—40is substituted in Eq. 3—12 and sec-
ond order terms are neglected

(1cos & +iusin @ Xz +RdR) wg_R
z

when r =R(z)

Taking the derivative o Eq. 3—41 with
respect to tand substituting
Bu=_ _gp

at

ow_ _1_ap
and — At P Bz

according to Eq. 3—36 yields the following
condition for p

(1 cos 6 t m sin € )(z t@) ;(dd_lz. =8 - gf)

when r =R(z) (3—42)

The form of Eq. 3—42 of the boundary con-
dition and the differential equation, Eq.
3—39, suggest that the factor (1cos6 +m
sin 6 ) should be separable from the solu-

tion of p. Thus, the solution is sought in the
form

p=—p(l em ¢ ¢tm sin€ ). f(r,z)

where f(r,2) satisfies the equation
2 52
PO SIS

8r2 r or r2 922

and the boundary condition

of
)n r = R(z)

(=R = (3 -5

(3—45)

The fluid dynamic problem thus is reduced
to the problem of solving Eq. 3—4 with
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boundary condition Eq. 3-45 for the func-
tion f of the two variables r and z. Further
computation of flow and pressure fields can
be performed only when the shape o the
cavity, i.e., the function r =R(z) , is given.
As an example, the solution d Eqs. 3-44
and 3—45 for the spheroidal cavity is given
in par. 3 Without the final determina-
tion o f(r,z), an important result can be
derived from Eq. 3-43. Substituting Eq.
3—43 into Eqs. 3—30 and 3—31, one ob-
tains

M, =-1T,, M

zX

yz-—m Te

Z

with T, = pm / Ka,2) [2+R§B] Rdz
Zz

Z

The components o the moment, according
to Eq. 346, are proportional to the accel-
eration of the corresponding components of
the yaw angle. Substituting Eq. 3—46 into
Eq. 3—35 yields

(T+T)¢ -iQLf -CE = (3—48)

Eq. 3—48 shows that the reaction of the
liquid upon the projectile can be described
by attributing to the liquid an “effective”
moment of inertia T, given by Eq. 3—47.

This result is derived here for the ap-
proximate linearized equations of motion
but it is valid also within the exz.ct theory,
as shown by Zhukovskiit in 1948.

3-8 SPINNING LIQUID

3—5.1 INTRODUCTION

Except for a short “spin-up” period the
liquid within tne cavity of a spinning pro-
jectile can be assumed to rotate with the
projectile as if solid. For this state o solid
rotation, the equations of perturbed fluid
motion assume a particularly simple form.
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Setting V =Qr, where ¢ is the axial spin,
Egs. 3-8 to 3—11 reduce to

= tM — 2em -gP/P- =0 (3—49)
r
OV 3% 4yo0u+lOP/P —g  (3—50)
at 20 r 96
aW+ Q aW+ B/ =( (3__51)
at |
811 +1 8V+ ow =0 (3_52)

Brrraﬂ Dz

As for the perturbed motion o the non-
spinningliquid (par. 3—4), solutions of Egs.
349 to 3—52 are sought by the method
d separation of variables. In the nonspin-
ning case, it was possible to separate from
the solution the t+ and 8- dependence in

form of a factor (I'cos § 4m sing) (see Eq.
3-43). It can be shown thatin the case of
a spinning liquid a separation of the t- and
f-dependence is not possible except for
special motions of the projectile. The spe-
cial motions for which separation is possi-
ble are described by

wt (3—53)

(1+im) = aoei

where w may be complex, while ¢, — the
initial yaw angle — is a real constant. For
complex w, Le., if w= wp 4iw;, Eq. 3—53
describes a damped ( w;>0) or undamped
(w; <0) nutational or precessional motion.
It is well known that the actual yawing
motion d a spin-stabilized solid projectile
is o the type given by Eq. 3—53 and, it
willbe shownlater, that the presence of the
liquid does not alter the character o the
motion although it may alter the frequen-
cies of nutation and precession and —most
noteworthy —the damping rates.

Although the particular motions, Eq.
3—53, suffice to describe the stability be-
havior of the projectile, it should be men-
tioned that any motion can be represented
as superposition of particular motions so
that the expressions, Eq. 3—53, may be
considered as Fourier components d the
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general motion. For example, a pure pitch-
ing motion at fixed frequency w is
l =agcoswt, m =0, This pitching motion is
obtained by superposition d two preces-
sional motions with frgquencieswand -
(1+im) = o cos wt = F (aoeiw: 1 oge-isi).
Due to the linearity o the perturbation
equations, the perturbed flow and the mo-
ments on the casing consequent to the gen-
eral yawing motion can be obtained by
superposition of the particular flows and
moments, respectively.

3—5.2 THE BOUNDARY VALUE PROBLEM

In this paragraph some basic results are
presented which rest on the following
assumptions:

(1) The cavity has the shape o a body
o revolution; the equation of the
cavity surfaceis: ' =R(z")

3 ghe liquid has achieved fill spin,
=Qr

(3) If the cavity is only partially filled,
the liquid forms —prior to perturba-
tion — a cylindrical free surface. The
equation of the free surface isr =b;
the radius o the cavity R(z') is every-
where larger than the radius o the
void b.

(4) The projectile describes a yawing
motion of the type: 1 ¢im= o e'®*

The boundary value problem can be formu-
lated most conveniently using complex no-
tation. It is understood that, when complex
notation is used, only the real part o an
expression shall have physical significance;
exceptions are equations like 3—35 and
3—53 where two real components d a vec-
tor are united into one complex quantity
(1 ¢ im), etc. Under the assumptions (1) to
(4) the boundary conditions — Eqgs. 3—21
and 3—28 —assume the special form

( -& )--—-ia(Q ~w) (z+Rg§)ei(w‘ ~6)

when r =R(z) (3—54)



Q? bu + (3P+Q 3P)
P\ot a6

when r=b

(3—55)

The above boundary conditions suggest
that the solution of Eqs. 3—49 to 3—52 is
of the form

u:!(r’z) ei((.\.)t - 6)

vEy(rz) el =9 (3-56)
w (r,z) el(WE 76

w=
LP=f(r,2) eilwr = &
p

In terms of these quantities, Eqs. 3-41
to 3—52 can be put into the following form

(writing: fr = ﬂ, f, = %f_)
z

l_l_ (Q —(.O)f' + 2 Qf/l‘ (3_57)
4Q%2 - (Q - w)?

_2Qf+ (Q—a)f/r
402 —(Q —w)?

|<

(3—58)

z (3—59)

Q-w)? 922

O L1of_
(
(3—60)

2 2

The boundary conditions, Eqs. 3—54 and
3—55, become

(Q-wi'+ 2/, dR__E

492 (2 —w)? a;‘—(Q—w)
:_a(Q—w)<z+Rng) (3—61)

when r =R(z)
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o (2-w)i +2Qfh _
407~ (Q-w)?

Q-w)i=0
(3—62)

when r=b

As a special case we consider the boundary
condition on the walls d a cylindricalcavity
with radius a and two plane endwalls at
z=2,,2,. At the cylindrical sidewalls the

boundary condition is: 4R =0 and Eq. 3—61

becomes dz

(Q—w)f +2Qf/r _ _
407 —(Q —w)?

cz(Q —w) (3—61a)

when r=a
dR . .
At the plane endwalls e becomes infinite

and Eq. 3—61 reduces to

Z_——or(Q—-w),
Q- w

(3—61b)

when z=2, z,

3—6 GREENHILL'S SOLUTION FOR SPHE-
ROIDAL CAVITY

The stability problem for the completely
filled spher01da1 cavity was solved by
Greenhill? in 1880. In 1940 Greenhill's
solution was applied to a liquid-filled spin-
ning projectile by Milne, who exhibited the
stability criterion in form of a simple dia-
gram (Milne's graph). Milne also compared
theoretical predictions with experimental
data o free flight firings. The stability cri-
terion of Milne is discussed in Chapter 4.

Greenhill's solution requires relatively
little computational effort; nevertheless, the
solution displays the essential features o
the liquid-filled projectile problem. For
these reasons the solution is discussed in
this paragraph in detail.

It is assumed that the cavity is spheroi-
dal; its equation is

02 = RE(z") = a2(1 — 2? /D) (3—63)
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where 2a, 2c are the lengths o the principal
axes o the spheroid. A simple solution of
Eq. 3—60 is

f = kiz (3—64)

where k is a constant yet to be determined.
Evaluating the boundary condition Eq.
3—61 with R(z) and f(r,z) given by Egs.

3—63 and 3—64, respectively, yields for
k

(—w)(Q+w)
(Q+w) —KAQ —w)

k= a(K2-1) (3-65)

where K = g -

It is thus shown that Eq. 3—64 with Eq.

3—65 solves the boundary value problem
for a spheroidal completely filled cavity.
The perturbation pressure and velocity
components o the perturbed fluid motion
follow from Eqs. 3—64 and 3—359. The per-
turbation pressure is

(3—66)

p= akrzellwt=6)

K2-1'

K1)’
the right-hand side " Eq. 3—65 becomes
infinite or the yaw amplitude « is zero.
In fact, at this frequency the solution, Eq.
3-64, satisfies the homogeneous boundary
condition which is obtained from Eq. 3—61

when ¢ 1is set equal to zero. This means
that the liquid can undergo free oscilla-

When the frequency w is equal to §2 (

. . 2
tions at the discrete frequency w,= Q(K - ) .

KZ+1

A frequency of free oscillation is usually
referred to as ''natural frequency' or
"eigenfrequency''. It is shown later that
frequencies of free oscillation play an im-
portant role in the stability theory of a
liquid-filled projectile; generally the projec-
tile becomes unstable when the frequency
o nutation of the projectile is sufficiently
close to a natural frequency. Usually the
mass o the liquid is small compared to the
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mass o the projectile; and, hence, the re-
action of the liquid upon the projectile is
small. When, however, the frequency of
yaw approaches a natural frequency, the
liquid oscillations attain very high ampli-
tudes and the reaction of the liquid upon
the projectile becomes significant. This
effect is discussed in the paragraph which
follows for the case d the spheroidal cav-

ity.

3—6.1 THE MOMENT ON A PROJECTILE WITH
SPHEROIDAL CAVITY

3—6.1.1 Center of Rotation Coincides With Center
of Cavity

The moment on the projectile is obtained
by evaluation of the integrals, Eqs. 3—30a
and 3—31a. The pressure in the liquid jg

P=(p/2 %% tp 3—67)

where the first part ( P/2) Q%2 is the pres-
sure due to the-basic flow, and the second

part p is the pressure due to the perturbed
fluid motion.

At the cavity surface we have

2R () 62 0 2R@ET T (3 g
Eq. 3—67 cvaluated at the cavity surface
yields

P(z', 6,0) = EP Q°R¥(z"

t P2z R(zNei(wt —6)

+p (Z', 6,t) (3_69)

with

p(z', 8, = Pkz'R(zNe( @ — & (3-70)
(Eq. 3—70 follows when Eq. 3—66 is cval-
uated at the cavity surface and higher
order terms are neglected.) Substituting
Eq. 3—69 into Eqs. 3—30 and 3—31, and
integrating yields for the hydrodynamic

moment on the projectile (setting
aelwt—ltim)



M=M_ tiM

X yz

a’M 1- 1 (ltv—-12%)
. 2 f 2 0
= K<-1
(Itim)£2 _5__( )T —
(3—71)

where

M, =p47 a2, mass of the liquid

3
T =2 dimensionless yawing
frequency
“o_K*-1 . . :
To= — - —— ,dimensionless eigenfre-
£ K241 quency

K =c/a ,fineness-ratio

It should be emphasized that both the
basic pressure and the pressure perturba-
tion p contribute to the moment on the pro-
jectile. The basic pressure — represented
by the first two terms o Eq. 3—69 —is
rotationally symmetrical about the z-axis;
about z', however, it contains a small anti-
symmetrical part in addition to the large
symmetrical part. Clearly, the symmetri-
cal part gives no contribution to the mo-
ment. The antisymmetrical part, however,
which is of first order in the yaw angle,
must be considered.

_ Eq. 3—71 was derived under the assump-
tion that the center of rotation coincides

with the center of the cavity. This restric-
tion can easily be removed as shownin the
discussion which follows.

3—46.1.2 Change of the Center of Rotation

Let us consider the case that the center
d the cavity lies a distance h above the
center of rotation and the latter is kept at
z =0 . Generally, a rotation about the point
z =0 is composed of arotation about z =h
and a translational motion of the point z =h.
Because o the principle o superposition,
the pressure field produced by the com-
bined motion is the sum of the pressure
fields due to rotation and translation.
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The solution of the boundary value prob-
lem for the combined motion is, instead of
Eq. 3-64,

f=ke(z —h) ¢t oh( w? —QH)r (3-71a)

The part kr(z —h) represents the pressure
field due to rotation about z =h, and
ah( w?— Q9 is the part due to the trans-
lational motion. It can be shown readily
that the second part, oh( w?— Q2 isinde-
pendent of the cavity shape. Precisely, if

f(r,z) solves theboundary value problem
for a completely filled cavity of rotational

fr,z —h) ¢ ah(c.o2 -
1s the solution for the case that the center

d rotation is changed in the way described
above.

symmetry, then

For the moment M, on the projectile,

one finds in a generalization of Eq. 3-71

M, =M ¢h? w? M tim) (3-71b)

where M is given by Eq. 3_71and M;is the
mass Of the liquid.

It can be shown that the last equation
has general validity if Mis interpreted as
the moment on the projectile consequent
to rotation about the center of gravity.

The above formula for M, shows that —
with respect to the superposed transla-
tional motion — the liquid reacts in the
same way as a rigid body. In fact, the
liquid moves like a rigid body, provided
the casing is not rotated about a trans-
verse axis and no free surface is present.
If the cavity is only partially filled, the
free surface bounding the liquid is being
deformed when subjected to a lateral ac-
celeration and, consequently, the reaction
on the casing is different from that of a
rigid body. The motion of the liquid in this
case is more complex and depends on the
cavity shape. If the cavity is almost com-
pletely filled — as usual in practice — Eq.
3—71b s still a good approximation.
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362 THE MOTION OF THE PROJECTILE
Substituting Eq. 3—71 into the dynamic
equation, Eq. 3—35, and recalling that
E=0+im) = (Jt/oei“‘)t
condition for T

Tv?—-L++ E2p= D

, yields the following

4T T - T
where g=4IC (3—73)
L2Q?
_asz 2 2
and D= K2-1) T[1= 71+ 7 = %]

For the empty projectile the right-hand
side & Eq. 3—72 is zero and one has the
well-known solution

e 7]

where § is the reciprocal o the gyroscopic
stability factor. When B<1 the projectile
is stable and its nutational and preces-
sional frequencies are, respectively,

jLT(H ‘/1—(3): T

(3—76)

5~ /75)

Instability occurs only when B>1, ie,
when the roots of Eq. 3—75 are complex.
Similarly, the liquid-filled projectile is un-
stable when a root of the complete Eq.
3—72 is complex. (Since Eq. 3—722 is a
cubic with real coefficients, it has either
three real roots or one real and two con-
jugate complex roots. )

The usual procedure for removing the
gyroscopic instability is to increase the
spin of the projectile, which has the effect
of decreasing 3.

It was noted by Stewartson' that the in-
stability caused by liquid oscillations is of
a different kind; the latter cannot be re-
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moved by increasing the spin. Eq. 3—71
shows that the moment due to the liquid

is proportional to Q?, Increasing the spin,
increases the moment so that the ratio of
liquid forces and inertia forces is independ-
ent o the spin. This fact is also displayed
by Eq. 3—72; only the term containing pis
influenced by a change d spin.

A further discussion of Eq. 3—72 may be
limited here to two extreme cases:

(1) A spheroidal mass of liquid con-
tained in a thin-walled casing.

(2) A heavy top with a small liquid-
filled cavity.

The first case had found the attention d
Kelvin® who had demonstrated that a thin-
walled spheroidal top fill d liquid which is
pivoted at the center o the spheroid can be
made unstable by changing the shape o
the casing from an oblate into a slightly
prolate form. Greenhill's solution? gave
the mathematical explanation o this phe-
nomenon. The assumption that the left-
hand side d Eq. 3—72 is zero, requires
D=0, o0r

T+ T — =1 (3—178)

The roots o Eq. 3—78 are complex and the
top is unstable when

1< K<3

0<T0<-;£ or

Eq. 3—79 is the criterion for instability o
a spinning liquid mass enclosed in a prolate
spheroidal thin-walled cavity. The spheroi-
dal mass is stable forK < 1—i.e., when the
spheroid has an oblate shape — while it
becomes unstable for a slightly prolate
shape.

Generally, the problem d liquid-filled
projectiles is more relevant to the other
extreme case (case 2): the mass o the
liquid is small compared to the mass o
the projectile. Then the righbhand side o

Eq. 3—72 1s negligible except near r =T,



where =" has a pole. Dis a slowly vary-
0

ing function of 7. Thus, sinceD/r —r,is im-
portant only when a root of Eq. 3—2
occurs near T3, D{1) may be replaced by
D( 7y ) the residue of the pole.

It can be seen readily that, when D is
small, the three roots of Eq. 3—72 are near
T, T, and 7, respectively. If D is nega-
tive, the root near T, is always real, while
the roots near v, and 7, canbecome com-

plex conjugates when T, is sufficiently

close to To. If v . 7, the left-hand side

of Eq. 32 may be expanded about T,
and one has approximately

— D (3-80)
L J/1-0

T, t T0+\/( T, < T0)2+ D/L
2 - 4 1-p

Thus, if Dis negative, the criterion for in-
stability is

— 4
lTn-— T0| <[L D(le)ﬁJ

Eq. 3—82 shows that the projectile be-
comes unstable when D is negative and T,
falls within a small bandwidth about the
nutational frequency.

(7T — Tn)(T - To):

or T =

N]»—l

(3—-82)

Similarly, when D is positive, instability
occurs when T, falls within a small band-
width about the precessional frequency.
The criterion for instability then is

1

a(t) P
I = o] {z__i:;}
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However, according to Eq. 3—74,D( Ty)is

always negative, so that only the nuta-
tional component of the yaw can become
divergent. Eq. 3-82 describes the com-
plete range of instability.

Eq. 3—82 also shows that the band-
width of instability cannot be decreased

below the value /—4D(7y)/L  however
large the stability factor 1/8 is.

I the center o rotation does not coin-
cide with the center o the cavity, the righb
hand side of Eq, 3—72 must be supple-
mented — according to Eq. 3—71b — by
the additional term —h°M, T2, where h is
the distance between the center d the cav-
ity and the center o rotation. This addi-
tional term is usually very small. The addi-
tional term does not alter the residue
D(1,), ie., the stability o the projectile
is not affected by a change o the center
of rotation

The stability criterion Eq. 3—82 can be
put, alternatlvely, into the following form
proposed by Milne’ by defining

_\/ \/K2 N\T
K2+1

K |22

K241 5L

Milne’s criterion for instability is

|1—x|< Y

In deriving Eq. 3—83, use is made of the
approximation

Ty = T, Or x = 1.
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363 EFFECTIVE MOMENTS OF INERTIA OF A

SPHEROIDAL MASS OF LIQUID

For the case o a nonspinning liquid,
Eq. 3—71 may be specialized by setting
Q= 0but 27 =w = finite. One obtains

M=(tim) w22 Mpg2 )%

(3—84)
5 (K24

Recalling that (Itim) = £ = apel®t yields:
M=—T, &5 with
dr?

M, (K2-1)2

T = (3—85)
5 (K24)

T, 1s the effective transverse moment of

inertia of a spheroidal mass of liquid, rela-
tive to the center of gravity. As shown in
par. 3—4, a liquid-filled nonspinning pro-
jectile behaves as though the liquid is re-
placed by an “equivalent rigid body’” hav-
ing the same mass but effective moments
of inertia which are smaller than the mo-
ments o inertia of the frozen liquid. The
effective axial moment of inertia is for an
inviscid fluid for all bodies o revolution.
Eq. 385 shows that for a sphere(K=1)
also the transverse effective moment is
zero. For small deviations from a sphere
(K = Dthe effective moment of inertia is

still very small since it varies like (K% —1)2.
In the limitK—, the effective moment of
inertia agrees with that o a solid body

2 2
T =lim a Mf (K2_1)2 :C Mf
¢ K2+1 5

(3—85a)
Ko ¢

When the center o rotation does not
coincide with the center o gravity, the
effective moment of inertia follows from
Eq. 3—71b

(T, =T, th?M, (3—86)

where T, and (T)), are the respective mo-

ments o inertia about the center o gravity
and about a point which is a distance h
above the center of gravity, and M, is the

mass d the liquid. Eq. 3—86 is completely
analogous to the corresponding relation
for a rigid body.

3—¢ STEWARTSONS SOLUTION FOR A
CYLINDRICAL CAVITY

3—1 INTRODUCTION

Stewartson’s solution for the cylindrical
cavity is certainly the most important con-
tribution to the theory o liquid-filled pro-
jectiles, at least from the projectile de-
signer’s point of view. Cylindrical cavities
are favored by wvarious design considera-
tions; in fact, most d the existing liquid-
filled projectiles have cylindrical or nearly
cylindrical cavities. On the other hand the
solution for cylindrical cavity includes the
practically important case of partially filled
cavity, while Greenhill’s solution for the
spheroidal cavity cannot easily be ex-
tended to the partial fill conditions.
Stewartson’s solution is the only known
exact solution for partially filled cavities
and there seems to be little hope that
exact solutions can be obtained for other
cavity shapes.

For a cylindrical cavity, the boundary
conditions assume a particularly conven-
ient form, and the boundary value problem
becomes amenable to methods of solution
which are briefly outlined in par. 3—.2. A
discussion of the main results of Stewart-
son’s analysis is given below. For further
information the reader is refferred to
Stewartson’s original paper! and a more
detailed analysis by Ash and Gundersen® .

The calculations show that, in a generali-
zation of the results for the spheroidal
cavity, the projectile becomes unstable
whenever the frequency of nutation of the
projectile is sufficiently near to one o a
number of natural frequencies of the liquid.
The completely filled spheroidal cavity ap-
pears to be a special case, as only one



mode o free oscillation is related to in-
stability. (There are other modes o free
oscillations of the liquid in a spheroidal
cavity which, however, do not produce a
moment nor are they induced by the yaw-
ing motion of the casing.)

For the cylindrical cavity a doubly infi-
nite number o modes o free oscillation
occur in contrast to the one mode for the
spheroidal cavity. The different modes o
oscillation can be characterized by pairs o
numbers (n,j) where n and j relate to the
number of radial and axial half-waves o
the respective mode of oscillation. Asso-
ciated with each mode (n,j) is a natural
frequency w,j and a residue Ddetermining
the bandwidth of instability.

Similarly as for the spheroidal cavity,
the moment due to the liquid is small ex-
cept when the yawing frequency o the pro-
jectile w approaches a natural frequency
wni
Mathematically, the moment is a very
complicated function o the yawing fre-
quency w, having poles at all frequencies
w,; If w is not near a pole, the moment 1s
small and may be neglected. If, however,
w approaches a natural frequency, say w,;,
the moment becomes large as D/w — v,
and the equation of yawing motion, Eq.
3-35, reduces to

T2 L~ +]:£;3:Mt small terms
4T T -7

n) (3—87)

I =_*ni and Dis the residue
2 n $&
at the pole.

where 1 =

In analogy to the results for the spheroidal
cavity, Eq. 3—87 yields as condition for in-
stability

] <V 52 0w
! LJ1-p

(3—88)

where T, isthe nutational frequency d the
projectile.
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The quantity% =S will be denoted

as “Stewartson’s parameter” in the dis-
cussion which follows.

The derivation of Eq. 3—88 is analogous
to the derivation d the corresponding Eq.
3—82 for the spheroidal cavity. Eq. 3—88
also rests on the assumption that D/L is
a small negative quantity. Computations
have shown that D is always negative and
that IDI/L <<1 when the liquid mass is
small relative to the mass o the projectile.

The analogy o the solutions for spheroi-
dal and cylindrical cavities as well as con-
siderations concerning the general nature
o the boundary value problem suggest
that the stability criterion for any cavity o
rotational symmetry “can be put into the
form of Eq. 3—88. The eigenfrequencies w,;
and residues D( w_ ;) take on values charac-
teristic of cavity shape and dimension. In
particular, the dimensionless eigenfrequen-
cies 7, depend only on the cavity shape
and fill-ratio; i.e., the 7,; are independent
o spin, absolute dimensions o the cavity,
and properties of the liquid. (This is no
longer the case when liquid viscosity is
taken into account; see Chapter 6.)

In the light of the aforementioned rela-
tions, the spheroidal cavity appears tobe a
limiting case for which all except one resi-
due are zero. Computations for a cylindrical
cavity show that the absolute values o the
residues decrease rapidly with mode num-
bers (n,j) so that in practical applications
only the lowest modes are important (see
Chapter 9).

For the lowest radial mode numbers,
eigenfrequencies and residues have been
computed and presented in tabulated form.
The tables are briefly referred to as “Stew-
artson’s Tables”.

It turned out that tables for higher axial

mode numbers (j =1,2,3 .. )couldbe absorbed
into the table forj =0because j occurs only
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. C/a R
in a product: IT9) where c/a is the fineness-

ratio of the cylinder (2¢ =length, 2a =diam-
eter). In other words T,; is — for fixed
radial mode number n — only a function o

Ta—.
(2j+1)

It should be mentioned that the absorb-
tion of j into the factor %ﬁis a peculiarity
for the cylindrical cavity®— a result of the
periodicity of waves in an axial direction.

For the tabulation it was convenient to
separate from D a dimensional factor and
introduce a new dimensionless quantity R.

6
Dt P23 R2=0
C

(3—89)

Extended Stewartson Tables for ¢/[a(2j+1)]
and 2R wversus cigenfrequencics T, are
presented in Chapter 4.

3—.2 METHOD OF SOLUTION OF THE BOUNDARY
VALUE PROBLEM

Itis readily seen that a particular solu-
tion of Eq. 3—0 is

f(r,2) = C( Ykr)e'k? (3—90)

where Y2= {_422.__2_— Ijl (3—91)
(Q~w)

and C, is a Bessel function d order one
with argument Ykr. The solution of the
boundary value problem may be con-
structed by superposition of particular solu-
tions o the type Eq. 3—90. For the cylindri-
cal cavity Stewartson obtains (the nota-
tion used here is slightly different from
Stewartson’s notation)

3-22

ft,2) = — & (2 —w)?r (z =h) t Xy ¢ 20+
r

8

[XZH-I Tk + 25, Yy € Yk’)}

o

j =

cosk(z—hto (3—92)

J;, Y, are Bessel functions o the first and
second kind, respectively, andk =1 (2j + 1).

The length of the cylinderis 2¢ and its cen-
ter is a distance habove the center of rota-
tion, which is at z =0. The first term of
Eq. 3—2 has the effect that the solution
satisfies the boundary condition, Eq.
3—61b, at the plane endwalls z —h=t¢
the cylindrical cavity. The boundary condi-
tions at the curved sidewall, Eq. 3—61a,
and at the free surface, Eq. 3—62, lead to
two conditions of the form

[se]
2=h= > Cyyy Deoskiz=heo) : i=12
j=0

(3—93)

where the constant coefﬁcientsC2j +1(1) and
C..,®) arelinear combinations of the X2i+1

2j+1
(i)
and sz+1. On the other hand, the C,, ., " are

the coefficients of a Fourier expansion of

(z —h) and are C2j+1(i): — —2= Thus one ob-

2
. . . C .
tains twolinear equati offs for each pair

(ijﬂ, Zz;+1) which suffice to determine the

X, and Zyity

The term Xyr ¢ Zy/r o Eq. 3—92 takes care

of the lateral motion of the cavity; itis zero
when h =0, i.e., when the center of rotation
coincides with the center of the cavity.



When the cavity is completely filled, i.e.,

whenb=0,Z, =0, ZZi+1 = 0 and only the X,

X4y must be computed. (That Z)41=0

when b = 0 follows readily from the fact that
Y, ( Ykb)becomes infinite for b =0.)

Obviously, the method outlined above is
not applicable when the cavity surface or
the free surface is noncylindrical. In either

case the coefficientsC,,,,) o Eq. 3—93

would depend on z, and the elimination of
theX,..,, Z,.;,becomes impractical.

The special simplification achieved when
the boundaries are cylindrical renders pos-
sible the solution o another problem,
namely, the completely filled cylindrical
cavity with a cylindrical central body
(burster). At the surface of the immersed
cylindrical body the boundary condition is
that of a solid wall, i.e., Eq. 3—61 must be
satisfied at r = aand r =bwhen b isthe radius
of the central body. This yields again two
conditions for X3515 Zzi+1‘

Eigenfrequencies and residues for the
cavity with central burster have been com-
puted and tabulated’. Tables for various

ratios b%/a?are presented in Chapter 4.

Calculations show that the jth terms
under the sum of Eq. 3—92 solve the homo-
geneous boundary conditions (Eqs. 3—61b
and 3—62 with 1t im = 0)when Yka assumes

one d an infinite series of discrete eigen-
values y, (n=1,2,3...).

This leads to the eigenvalue-condition

Yka=\ 4 1.7 ¢e])
(1- To)2 2 ¢

=¥, (Tg, b?/a?) (3—94)

n=123...

i =0,1,2,3 ...
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The y, depend on 7, andb?/a’ The eigen-

frequencies T, can now— in principle —be
found solving Eq. 3—94. It is, however, dif-
ficultand not even practical to eliminate T,
from Eq. 3—94. Instead, 7, is considered
as the independent variable (first column

in Stewartson’s Tables) and ¢/[a(2j+1)]is

tabulated as functiond” 7, (second column
in Stewartson’s Tables). It is

4
—_— 1
c m/2\] (1= 752

e o (o v7/a7]

; (3—95)

n=12,3...

Oncethe amplitudes X, 41 Z,;410f the pres-

sure fluctuations are known, the moments
on the projectile can be computed through
integration (inserting Eq. 3—92 into Eqgs.
3—30 and 3-—31 and integrating). By a
similar argument as for the spheroidal
cavity (par. 3—6) it follows that, near reso-
nance, the moment on the projectile be-

comes large as —D— Q? (I ¢im).
- To

3-8 THE EIGENVALUE PROBLEM

The importance o eigenfrequencies for
the stability o a liquid-filled projectile was
discussed in pars. 3—6 and 3—7. For a
heavy projectile filled with a comparatively
small mass o liquid, the stability problem
reduces to the problem of calculating the
eigenfrequencies and associated residues.

Frequently, an exact knowledge of the
eigenfrequencies appears to be o primary
interest while approximate values for the
residues are sufficient. The residue deter-
mines the bandwidth of instability. Even
when the value of the residue is only ap-
proximately known, it is still possible to
avoid instability when the frequency of

3—-23
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nutation is chosen sufficiently remote from
any one o the eigenfrequencies or the cy-
lindrical cavity is so constructed as to have
its eigenfrequencies sufficiently remote
from the nutational frequency o the pro-
jectile.

On the other hand, the calculation of
eigenfrequencies is usually far easier than
the solution o the complete stability pro-
blem. For the reasons given above one is
very often content to know just the eigen-
frequencies for a given cavity shape and
to estimate the value of the residue. It was
shown experimentally’ that for small
changes o cavity shape there may be sig-
nificant changes of the eigenfrequencies
while the associated bandwidths change
very little. Precisely, when the cigentre-
quencyis shifted by an amount equal to the
bandwidth, the bandwidth itself remains
practically unchanged. It is clear, then,
that the eigenfrequencies should be known
with a much higher degree o accuracy
than the residues. These considerations
play an important role in computation of
eigenfrequencies in noncylindrical cavities,
Chapter 7.

Animpression of how frequency and resi-
due depend on cavity shape is furnished by
Table 3—1 which shows comparison of data
for cylindrical and spheroidal cavities.

TABLE 3-1. EIGENFREQUENCIES AND

RESIDUES OF THE BASIC MODE (n= 1, j = 0)
FOR CYLINDER AND SPHEROIDAL CAVITY

c/a 2R
Tg | eyl cav. spher. cav. | cyl. cav. | spher. cav.
0.00 | 0.995 1.000 0 0
0.10§ 1.117 | 4185 L0343 | 0248
0.20| 1.262 = 1225 L, 0682 , 0540

The problem o calculating the ecigenfre-
quencies — briefly denoted as the eigen-
value problem —is described below.

The equations d perturbed fluid motion
in connection with homogenecous boundary

3—24

conditions (I t1m =0) have solutions repre-
senting liquid oscillations at discrete fre-
quencies (eigenfrequencies). The problem
is to find the frequencies for which solu-
tions exist. For the stability problem only
those solutions are o interest which pro-
duce a moment on the projectile.

For cavities d rotational symmetry the
free oscillations are of the form

& p/p) =[35,2), fir,2) | ei(wi-m®)

(m=0,+1,£2,43, . ..)

Only the modes with m=1,0>0 are o in-
terest for the stability problem since modes
with {m} # 1 cannot produce a moment, and
modes with m = — 1,w>0 cannotbe in reso-
nance with the nutational motion o the
projectile. The case m = — 1,w>0 is physi-
cally the same as m=1,w<0 and corre-
sponds to waves traveling retrograde rela-
tive to the spin. Although such waves exist,
they can be excluded here from considera-
tion since they cannot cause instability. For
a liquid-filled projectile it is possible that
one d its frequencies is negative, i.e., that
the yawing motion is reversed. An example
is the oblate spheroidal cavity. Its only
cigenfrequency is negative and, as a con-

sequence, the root nearest to T, o the

characteristic equation may be negative. It
can, however, never become complex and
thus does not lead to instability.

For the reasons given above, only posi-
tive eigenfrequencies are o interest. In
practice, nutational frequencies are small
and rarely exceed 1/3 o the spin fre-
quency. It is, therefore, sufficient to calcu-
late eigenfrequencies only up to about 1/2
d the spin frequency. The domain o
interest o T, is: 0 < T, <0.5.

For a cylindrical cavity the theory shows
that residues associated with higher radial
modes become very small and itis reason-
able to assume a similar behavior for other
cavities, too. It is sufficient then to calcu-
late only the eigenfrequencies o the lowest



modes. It should be noted that — in con-
trastto acoustic or elastic vibrations, etc. —
higher modes of liquid oscillations do not
necessarily correspond to larger eigenfre-
quencies.

Exact solutions d the eigenvalue pro-
blem are known only for ellipsoidal and cy-
lindrical cavities; it is, however, possible
to compute eigenfrequencies for a variety
of other cavity shapes by approximate
methods® Practical computations of eigen-
frequencies for nearly cylindrical cavities
and methods for the approximate solution
d the eigenvalue problem are discussed in
Chapter 7.
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CHAPTER 4

MILNE'S STABILITY GRAPH, STEWARTSON‘S AND
CENTRAL COLUMN TABLES

40 LIST OF SYMBOLS*

d = exterior diameter d projectile, ft

F(+) = function of fineness-ratio ¢/a and
o fractional air volume b?/a2

I = axial moment o inertia of a loaded
projectile, slug-ft?

ly = transverse moment of inertia o a
loaded projectile, slug-ft?

M = mass o loaded projectile, slug

n = twist o rifling, cal/turn

2R = residue at the pole, obtained from
Stewartson’s Tables

S, = gyroscopic stability factor

A% = velocity d projectile, ft/sec

V. = volume o cylindrical cavity, f t?

GREEK LETTERS
b = aerodynamicnutational yaw damp-

ing rate, per cal or per ft

A = nutational yaw damping rate due
to liquid, per cal or per ft

A = maximum rate d divergence o nu-
tational amplitude, per sec

o = ,ll—l/sg

AT MILNE‘'S STABILITY GRAPH

4—1.1 INTRODUCTION

E. A. Milne! working (1940) under the
auspices d the British Liquid-Filled Shell
Panel o the Ministry of Supply was con-
cerned with finding some rationale behind
the unpredictable behavior o liquid-filled

*For identification of other symbols in this chapter, refer
to Chapter 3.

projectiles in flight. For this purpose he
had collected all available data from field
trials conducted by British Services be-
tween 1926 and 1940. These data pre-
sented a “bewildering complexity” — all
attempts at discovering a common cause
for instability proved unavailing. Numer-
ous attempts at various correlations be-
tween intuitively “reasonable” parameters
also proved unsuccessful.

In 1880 Greenhill’ developed a theory
for instability of a spinning top containing
liquid which completely filled a spheroidal
cavity — the liquid spinning with the fill
spin o the top. He showed that only a pro-
late spheroidal cavity led to instability.
Milne has reexamined this theory and de-
rived a condition for instability for the pro-
jectile containing such liquid-filled cavity.
The development o this theory is given in
Ch. 3.

4—1.2 INSTABILITY CRITERIA

It is shown in Ch. 3 that the condition
for instability o the projectile containing
a prolate spheroidal cavity full d liquid
is by Eq. 3—82

—4D(7,)

I o

X

(r,— 19% < (4—1)

where, to be consistent with the notation
of Ch. 2 which notation is more familiar to
the American designers, we have replaced
the axial moment o inertia Lby 1, and

V1-p byo=y 1~ l/sg.’.= The expression

*L and T, Chapter 3, are defined for an empty projectile.
We replace L and T by I, and I,, respectively, for a
loaded projectile. It can be shown that the end results,
i.e., instability criteria, are identical whether written for
an empty or loaded projectile. Since Milne uses the
inertial properties of a loaded projectile, Eqs. 4-4 and
4—5 were written for the loaded case.

4
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for D(v,) —aresidue atthe pole T, — is

D(Ty) ‘_Mfa —-K——( Ty)2
(K?+1)2

(4—2)

which is obtained by replacing + by 7, in
Eq. 3—74 and substituting for 7, — the
eigenfrequency of the liquid — its value

L K-l
0 K2 +1

(4—3)

Thus replacing D(7,) in Eq. 43 by its

value, Eq. 4—2, and after some slight re-
arrangement the instability criteria be-
comes

2 4K?  2M.a? 2
To_1) <4 i il VALCA WY 'R
Tn K212 |\,
To simplify the writing, define
) K2 =" 1 2
l(2 + 1 1 + o

2K [Ma?
K2%1\/ 5l o

y  (4-5)

In terms o the variables x and y, the in-
stability criteria become

(x? —1)? <d4yZx4
or

|x2 —1] <2y® (4—6)

Eq. 4— 6 readily reduces to Eq. 3—83, i.e.,
|x2 - ll = I(x -Dxt 1)| and if near resonance
W= Tpx = 1, Eq. 3—83 follows.

42

4—1.3 MILNES STABILITY GRAPH

Milne has expressed the instability cri-
teria as
x—y<l<x+y (4-7)

which form can be obtained from Eq. 4-6.
He detined x and y as

K2 - ©\/1
X = 2
K? +1 .

2Mfa

K 51

) (4—8)

|

which are identidal to x and y defined by
Eq. 45 if o=1.

In Milne's analysis of actual firings it
was very difficult to reconstruct the mo-
ments o inertia of fired projectiles from
their drawings. He used, therefore, the fol-
lowing approximate relationships

I =0.14Md2
L = 0.06Md? 12

where

M = mass o loaded projectile, slug

d = projectile exterior diameter, ft

L = overall length o fuzed projectile, cal
The use o these approximate relations

had the virtue d consistency.

By use of these relations in Eq. 4-8,
the x and y become

]

x=0.67L. [K2=1
K2 +1
L (4—9)

5.4K

5. 2Mfa2
K2+ 1V 5Md2

y

P,



When these coordinates were computed
for each projectile and plotted x vs y with
each projectile being marked whether
stable or unstable —i.e., going full range
or falling short — a clear separation was
exhibited between these regions. A fairly
unambiguous curve could be drawn be-
tween stable and unstable regions. Milne's
stability graph with Eq. 4—2 ascoordinates
isreproduced in Fig. 4—1.

As can be seen, most o the curve is
empirical and appears to be only tangent
to the theoretical curve defining the region
of instability at x —y = Inear y =0. Never-
theless, it is remarkable that although the
mathematical model was clearly inade-
quate — since probably none o the actual
projectiles had spheroidal cavities and
were completely filled — the theory indi-
cated proper correlating parameters. With
these parameters a heterogeneous collec-
tion of projectiles and their bewilderingly
unpredictable behavior in flight fell into
order, delineating the regions o stability
and instability.

Now the graph is probably only of his-
torical interest. But in its time it served
a very useful purpose. If it is to be used
now for cavity shapes which, as yet, can-
not be treated theoretically or tested ex-
perimentally, Milne’s paper should be con-
sulted for other details and fuller apprecia-
tion of the limitations of his empirical curve.

44 RATE OF DIVERGENCE

prdfedid cinstailbty wmstah be i sapatishiedittae
tional amplitude may grow at a certain
rate. What is this rate?

The solution of the yaw equation, Eq.
3—5, with hydrodynamic moment Eq.
3—1 added, is a sum d exponentials o
the form

eiTQt
The values & 1 are the roots o the char-

acteristic equation, Eq. 3—2. In the nota-
tion of Ch. 2 the characteristic equation is

AMCP 706-165

12 D(T.)

17217 + 2= —2

y x 41 s T—T
v 8 0

(4—10)

which is cubicin T . For unstable projectile,
the three roots are one real and two com-
plex conjugate. As was shown in Ch. 3the
latter are

T 4+ T i 4D 2
T, .=z_0o" 0 4 % (T - T
1,2 2 2\/10’ no 0

These are of the form
T =at ib

T,=a—ib

Hence the solution of the yaw equation,
ie., Eq. 3—5 with Eq. 3—1 added, is

£ = kmeiQat [e-.th + eth] + kzoei'rth

(4—12)

where v, is the precessional frequency

_
Tp—zl_y(l—o-)

Clearly, the second term in the bracket
will lead to the divergence of the nuts-
tional component k;, . The rate d diver-

gence is b per sec, or

. -Q 4D 2
Alig = - -
=g Le (7, — T9°, per sec

(4—13)

It is to be recalled that the hydrody-
namic moment was added to the simplified
yaw equation, Eq. 2—23 (or Eq. 3—=8).
Therefore, for a complete description of the
yawing motion of the projectile, the aero-
dynamic damping rates — as obtained from
the solution of Eq. 2= —should be added.
There is no change in the precessional yaw
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FIGURE 4-1. MILNE'S STABILITY GRAPH
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damping rate A, - However, the nutational

damping rate becomes X t Nig*

To express Miq in other units than per

sec — as per foot, for example — divide
Eq. 4—13 by the velocity V. However,
£ 2
V nd
Therefore,
Ny - 4% 2 ,perft
lig ad I—X—o_ —( Ty — To)
* (4—13a)
or
Mig ::_ 14? —(1,— T)* ,percal

* (4—13b)

The nutational amplitude will either grow
or diminish as

(>\1 + )\l' )3
k, =k qe 1q

4-2 STEWARTSON'S TABLES

4—2.1 INTRODUCTION

Stewartson's theory and his instability
criteria for the projectile containing a cylin-
drical cavity of height 2c and diameter2a,
whichis either partially or completely filled,
were discussed in Ch. 3. As a preliminary
tothe consideration of Stewartson's Tables,
we may add a few more comments which
might be useful to the designer.

It has been shown that for the cylindri-
cal cavity a doubly infinite number of
modes o free oscillations occur, in con-
trast to the one mode for the spheroidal
cavity. The different modes o oscillations
can be characterized by a pair of numbers
(n,j) where n and j relate to the number of
radial and axial half-waves o the respec-
tive modes of oscillations. Thus the hydro-
dynamic moment is much morecomplicated

AMCP 706-165

than was the case for the spheroidal cavity.
Nevertheless, the characteristic equation
of the yawing motion with hydrodynamic
moment added can be written formally as

12
2 _ x 2 4—14
Iy IxT +Z-IyTg MfC F(T) ( )
where M; is the mass o the fluid, and F( 1)
1s a function of the fineness-ratio o the cav-
ity ¢/a and the amount d fluid 1-b%/a?

in it where 2b is the diameter of the air
column for a partially filled cavity. F(T)
contains a double infinity o poles corres-

ponding to all the eigenfrequencies ;.

It can be shown that if the mass of the
fluid in a cavity is small relative to the
mass of the projectile, F(t) can be ex-
panded into a series of terms o the form

D( Tnj )

T T
where D(1,;) are the residues at corres-
ponding poles T = Taj* It also can be shown

that &l terms are negligibly small except
those for which t,; is close to either the

nutational or the precessional frequencies
of the projectile. Therefore, if one o T,; is

close to the nutational frequency 7, for

example, Eq. 4—34 canbe written as

12 D(-.
Lr2-LT e _x = (Taj) (4—15)
4Iysg T = Tnj

Eq. 4—15 is of the same form as Eq. 40.
To stress the analogy of further analysis
with that of the spheroidal cavity, we desig-
nate T, = T, with the understanding that

T

o Will stand for any Taj -

As before, we expand the left-hand side
o Eq. 435 in a Taylor's series about 1 _,

4-5
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which is the root of the left-hand side, re-
taining only the first order term. Eq. 4—15
becomes

D(7y)

T — TO

(4—16)

IXO‘(T - Tn):

which is quadratic inT. The solution of Eq.
4—16is

T:—Tniz—fg%\/( - T2+ 4L o

I o
X

It is to be recalled that the solution of the
yaw equation, Eq. 3—35 with hydrodynamic
moment added, is a sum d exponentials
o the form ¢! TS | For stability - must be
real; for instability T must be complex
conjugate. For instability, therefore, the
discriminant in Eq. 4—17 must be nega-
tive, i.e.,

(T

0~ 70)2+ 4D <0

I o
X

This can happen only if D < 0. Computa-
tions o the residues show that all D( Tni)

are real and negative. Therefore, the con-
dition for instability of the nutational am-
plitude becomes

(Tn _To)z_;ﬂ<0

X

The residue D has the dimensions o
moment o inertia. For tabulation of the
residue it is more convenient to separate

D into two factors: (M a quantity p ’? which
C

has the dimensions of moment o inertia
where p is the density of the fluid, and 2a
and 2¢ are the diameter and the height of
the cavity, respectively, and (2) a non-

dimensional positive function, say R, which
— as the residue D — depends only on c/a

and b%/a?, ie.,

6
ID| = p2_R?
c

For simplicity o writing define a new
quantity

g— P(2R)%a>
ot/ (4=19)

and call it “Stewartson’s parameter”. With
this parameter the instability condition, Eq.
4—18, becomes

(t,— 7% <S (4—20)

which can be written in a more familiar
form as Stewartson’s instability criteria

Tn TO
v S
It is to be noted that the factor 4 in front
o D in Eq. 4—18 was absorbed in (2R)?,

-1« <1 (4—21)

By following arguments similar to those
for the spheroidal cavity, par. 4—1.4, the
rate of divergence of the nutational ampli-
tude of yaw is

X =% VS —(T1, = 1) ,persec

)\“q:_”_ VS —( T = T0)2 ,per ft

=
(=3

The algebraic sum of )\

A

and the aerody-

namic damping ™ will "'ontrol the MWS-

tional amplitude.

At exact resonance 1 = T, the rate

divergence is maximum

)\max:% \/g\

The width of the resonance band, on the
frequency scale, is obtained by setting

, per sec



)\liq =0 in Eq. 4—22. The width is
ATO -+ ‘/ S

or the width 1s 2 S.

It can be readily seen that Eq. 4—22 is
an equation o an ellipse with semi-major

axis = % v S and semi-minor axis \/g

The elliptical shape o the resonance band
is clearly shown in Fig. 4—2. As we shall
see later, the introduction of viscosity
markedly alters the shape o this band.

4--2.2 THE TABLES AND THEIR APPLICATION

In order to use Stewartson’s instability
criteria, Eq. 4—21, it is necessary to know

the poles 7, and the residues 2R at these

poles. These are functions o the geometry
of the cavity ¢/a and the amount o fluid as

determined by b2%/aZ Special tables,
therefore, were prepared to facilitate the

use of Eq. 4—21 for design purposes.

Let V_be the volume of the cylindrical
cavity. If it is filled to 8 fraction o its
PV_=V (1 —b%/a?) b2/a?

is fractional volume of cylinder of air of
diameter 2b.

volume, then

Each table is computed for a specific air
volume ratio b%a? at 0.05 intervals. In
each table — i.e., for a given bZ/a? — the
first column, or the argument, gives the
values d the fluid frequencies To(nj).  This
column is followed by a column pair, one
headed by the quantity c/[a(2j t 1)] and
another by 2R. The physical significance o
the quantity ¢/[aj +1)] , see Ch. 3,is
that it is associated with longitudinal num-
ber of half-wave lengths of pressure fluctua-
tions. Thus for j =0 there is one-half of the

full cosine wave in the cavity; j = 1 corres-
ponds to 3/2 waves;j =2to 5/2 waves, elc.
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It is to be noted that only antisymmetrical
pressure waves give rise to hydrodynamic
moments. The next column headed by 2R
shows the residues corresponding to the
associated frequencies. The first column
pair corresponds to the radial mode n = 1.
The succeeding column pairs, i.¢., headed
by ¢/[a@j t )] and 2R, correspond to
higher radial modes, n=2,3. Because the
hydrodynamic moment is proportional to
the residue at the corresponding pole, and
these decrease very rapidly at higher
radial modes, the Tables terminate atn = 3.
In practice it is found (see Ref. 5d Ch. 5)
that the designer will usually be concerned
only with the first column pair forn = 1.
Other radial modes, unless unusual cir-
cumstances prevail such as an exception-
ally high specific gravity of the fluid, lead
to negligible moments and could be ig-
nored. If desirable for peace o mind, they
always can be computed and the resulting
instability can be compared with the aero
dynamic damping.

We shall make more extensive use o
these Tables in Chapter 9. Here, we briefly
illustrate their use "as an introduction to
the next paragraph were we shall apply
Stewartson’s instability criteria to the
) Projectile.

Problem 1. In designing a new projectile
containing a cylindrical cavity, liquid-filled
to 95%, we have to select the fineness-ratio
o the cavity ¢/a in such a way that the
cavity will contain no fluid frequencies in
close proximity to the nutational frequency
o the projectile. Let us assume that the
nutational frequency of a loaded projectile
is 7, =0.10. From Stewartson’s Tables we

can readily find &l c/a o cavities which
contain fluid frequency 7, =0.10. In our

design we should avoid all these fineness-
ratios.

To find ¢/a o resonating cavities we go

to th bles t arked b2%/a2=0.0
BIBEAS LRSS PEST Pilne br

umn headed by </[a2j ¢1)] for n =1, we

4
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find the following number 1.114. This num-
ber signifies that the following cavities, as
defined by their fineness-ratios c¢/a, will
contain fluid frequency v, = 0.10:

c/a=1.114Q2) £ 1) i=0,1,2,...
i </a
0 1.114
1 334
2 557
ctc.
Similarly for n =2
¢/a=0.530(2 t 1) i=0,1.2, ...

Avoid such cavities. The width o the reso-
nance band also has to be taken into
account. But such details will be discussed
in Chapter 9.

Problem 2. Suppose a WP-loaded projec-
tile with a cylindrical cavity filled to 95%is
tobe shipped toa hot climate where WP
may become liquid. The fineness-ratio of
the cavity is 2.1. The nutational frequency
d the loaded system is 7, =0.10. Is there
a possibility that the projectile with liquid
WPwill become dynamically unstable? To
answer this question we compute the fol-
lowing table by referring to the fluid fre-
quencies and corresponding residues in
Stewartson's Tables for b%/a? = 005 (linear
interoplationis used):

21
n el Tolnj) 2R
0 210 0.48(1,0) 1945
1 0.700 0.29(2,1) 0.141
2 0420 0.26(3,2) 0.035
3 0.300 0.02(3,3) 0002

Then compute the "Stewartson's para-
meter'" § and perform the necessary test
for instability by applying Eq. 4—21. Since
none of the fluid frequencies is close to the
nutational frequency 7 =010, the projec-

43

tile appears to be safe. But theinstability

test has to be performed to assure one that
this is so.

4—3 AN EXAMPLE: 152 MM WP PROJECTILE,
XM410

The cavity o the XM410 Projectile, as
shown in Fig. 2—I1, is not cylindrical. Later
we shall learn how to deal with such a
cavity. For the present, however, let us
assume that the cavity is cylindrical and is
defined by its fineness-ratio ¢/a = 1.56, and
its radius a = 268 inches.

The pertinent physical information
needed for applying Stewartson's insta-
bility criteria to this projectile is

Density o liquid WP p =349 slug/ft >
I,=00446 slug-ft*
a=0223 ft

o= 073
7, =025

Thus, by Eq. 4—9
S =381 x 10"%(2R)?

Suppose the cavity is to be filled to 95%,
i.e., b%/a? =005 What fluid frequencies are
present in this cavitywith this percent of
fill? To find this, we compute the following
table

1.56 .
] 2t 1 To(nj) 2R
0 1.56 0.343(1,0) 1.300
1 052 0,087(2,1) 00312
2 0312 0.050(3,2) 00047

The last two columns in the above table

were obtained from Stewartson's Tables by
referring to the page corresponding to

b?/a? =0,05and finding the frequencies and
. . C _
the residues corresponding to TN

1.56, 0.52, etc. One finds, for example, for
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FIGURE 4-2. RESONANCE BAND IN THE CYLINDRICAL CAVITY OF THE XM410 PROJECTILE
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1.56the following

T c
% aFEh ®

L5351
1.605

1.286
1.381

0.34
0.36

By simple linear interpolation the value of
T, for 1.56 is 0.343;other entries in the

above table are similarly determined.
Clearly, since v, =0.25, there is no need to

consider higher values of j. Even j=21is
unnecessary; T, 1s too far removed from

the resonance. With the residues we com-
pute S and the middle term in Stewartson's
inequality.

TO— Tn
ios 5 a5
0 6.45x107 0.254 0.093 0.37
1 0.37x10™ 00061 -0.163 -26.7

For instability
-1« Jo-T0 ¢
S

Therefore, this projectile is unstable be-
cause there is a fluid frequency v, = 0.34 for

j =0 which satisfies the instability condition.
It is interesting to note that for this

projectile, although the fundamental fluid
frequence T, =0.34 is fairly far removed

from the nutational frequency 7 =0.25, the

projectile is still unstable. The reason for
this is the exceptional width of the band of
frequencies present in this cavity

Tt /S=034+025

or, from 7,,=0.09 to T7,=0.59. This is
shown in Fig. 4-2.

It 1s to be noted, however, that fluid fre-

quencies 1, + ./ S are properties of the fluid

410

and the cavity. To be unstable, the projec-
tile must satisfy the instability condition,
sec Eq. 4—=20,

S=(1—1)2 >0

Thus relative to the nutational frequency,
the response of the projectile to the above
range o fluid frequencies will be, on the
high side, from

To; =T, tV $5=025t0.25=0.50

but on the low side, it cannot reach the
computed value

Ty, = Ty =/ $=0.25 =025 =000

because the lower limit of the frequency
band present in the cavity is only 7., = 0.09.

Therefore, the resonance band, for this pro-
jectile, is assymetric.

Such broadness of the frequency band is
usually characteristic o the thin-walled,
small fineness-ratio cavities. As we shall
see later, to design such projectiles free o
resonance instability usually presents very
severe design problems.

The rate d divergence of the nutational
amplitude, due to the liquid, is:

>‘liq :% Vs — (15— 1)? ,per sec

or, as before;

Using the above values of Sand T for j - o,
we {ind

NMig =372 X107 per ft

This 1S to be added to the aerodynamic
damping of the nutational component

A, = =160 x 103 per ft. Therefore, the nuta-

tional amplitude initially will grow very
rapidly.



4-4 CENTRAL COLUMN TABLES

As was pointed out in Chapter 3, the
special simplification achieved when the
boundaries are cylindrical renders possible
the solution o another problem, namely,
the completely filled cylindrical cavity with
a cylindrical central body (burster). Central
bursters are frequently employed in the de-
sign of WP projectiles.

However, to fill the cavity 100%is
usually difficult to achieve in practice and,
moreover, some space must always be pro-
vided for the expansion o the fluid when
heated. Thus practical usefulness o this
solution is limited. Nevertheless, special
tables have been prepared to handle this
problem when needed.

AMCP 706-165

The tables, in their structure, are identi-
cal to Stewartson's Tables. The diameter o
the central columnis designated 2r. Hence,

the central column occupies r?/a® fraction
the total volume. The ratio r?/a? formally

plays the same role asb?/a? in Stewartson's
Tables, i.e., each table is constructed for a

specified r%/a2 The remaining volume is
always 100%full.

REFERENCES
1. E. A, Milne, the Stabilit
Frgmiad sy Beogt s s Siabiiie of
6, 1940 (Confidential).

2. A. G. Greenhill, Proc. Camb. Phil. Soc.
4, 4 (1880).
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TABLE 4-1. STEWARTSON'S TABLES

FLUID FREQUENCIES AND RESIDUES FOR VARIOUS CYLINDRICAL CAVITIES OF

HEIGHT 2¢ AND DIAMETER 2a, AND VARIOUS FILL-RATIOS b%/a? WHERE 2b IS THE
DIAMETER OF THE AIR COLUMN

b%/a? =0.00
n =1 n =2 n =73

T a2j + 1) IR a2j t 1) 2R a2j t 1) 2R
.00 .995 .000 ,478 .0000 .310 ,0000
.02 1.018 ,058 .490 . 0070 .319  .0019
,04 1.042 ,118 .503 .0144 .327 .0040
.06 1.066 . 181 .516 ,0223 .336 .0062
.08 1.091  ,2L46 .530 .0307 .345 . 0086
. 10 1.117  .313 .54l 0396 .355 .01

12 1.144 382 .559  ,0491 .36k .0139
bk 1,172 .A454 .574  .0591 .375 .0168
.16 1,201 .528 .590 ,0697 .385 ,0198
18 1.231 . 604 .607 .0809 . 397 .0231
20 1,262 .682 624 0928 . 1408 ,0266
.22 1.294 .762 .642 1054 420 L0304
.24 1.328 .845 ,661  .1187 .433 0344
.26 1.363 .930 ,680 ,1328 ,446 .0387
.28 1.399 1.017 .700  ,1478 460 0433
.30 1.437 1,107 .722 1636 475  .oL81
.32 1.478 1.200 .745  ,1804 490 ,0533
.34 1,521 1.295 .769  .1981 .506 ,0589
.36 1.565 1,392 .719%  .2169 .523 0649
.38 l.62 1.491 .820 ,2369 541 0714
.o 1.662 1,593 ,848 2581 .561 ,0783
.42 1.715 1,698 .878  .2805 .582 ,0858
.44 1,771 1.805 .90  .3043 .603 ,0938
.46 1.831 1.914 e944 3296 .626 . 1024
.48 1.895 2,026 .980 . 3566 . 651 1118
.50 1.963 2.142 1.019 .3853 ,678 .1220
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

b2/a? = 0.02
n =1 n =2 n =3
C C C

a(2j + 1) 2R a2j 1) 2R a2j ¢t 1) 2R
.994 .000 475 ,0000 .305 .0000
1,017 .058 . 488 .0068 .314 ,0020
1.041 .118 .501 0L 11 .322  .0040
1.066 .180 514 . 0219 .331 .0062
1.001 .245 .528 .0302 .340 .0085
1.117 . 312 . 542 . 0389 .349 .0110
1.14 . 381 .556 .0481 .359 .0L 36
1.173 .453 .572 .0578 .369 ,0165
1.202 526 .588 .0680 .380 .0195
1,232 .602 . 605 ,0788 .301 .0228
1.264 .680 623 ,0902 403 ,0264
1,297 .760 .642 .1023 116 .0302
1.332 .843 .662 .1151 . 429 . 0343
1. 369 .928 .682 .1285 .443 .0386
1.407 1.014 .704 .1428 .458 .0433
1.448 1.103 .727 . 1579 .473 .0483
1.5491 1.194 .752 .1738 490 . 0538
1.537 1.286 .778 .1906 507 . 0596
1.586 1.380 . 806 .2083 .526 ,0660
1.638 1.475 .837 .2268 .547 .0730
1.695 1.570 .871 . 2462 .569 .0807
1.757 1.664 .909 . 2665 .593 .0892
1.825 1.755 . 951 . 2876 .620 . 0985
1.902 1.839 .998 . 3095 .650 .1090
1.990 1.909 1.051 .3321 .683 1207
2.097 1.953 1.112 . 3553 .719 .1338
2.234 1,951 1.191 .3811 .762 .1500
2.439 1.877 1. 295 .4160 .812 .1700
2.841 1.759 1.441 . 4820 .869 .1961
1.647 .6419 936 .231!

1.893 9860 1.012 .2774

2,117 1.4607 1.0 . 3348

2,309 1.9151 1.181 . k001

2.488 2.2961 1.272 .4694

2.667 2.6144 1.368 .5400

2,855 2.8913 1.4711 .6116

413
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

b%/a? = 0.05
n =1 n =2 n =3
To a(2) + 1) 2R a2j t 1) 2R a(2j + 1) 2R
.00 . 991 .000 L1465 0000 ,291 , 0000
.02 1.014 .058 J477 0067 .299  .0018
.04 1.038 ,118 .90 .0138 . 307 .0037
.06 1.062 .180 .503 ., 0212 .316  ,0057
.08 1.088 . 245 .516 .0292 324 . 0078
.10 1.114 311 .530  ,0373 .333  ,0101
12 1.141 81 , 545 . 0460 . 343 L0126
.14 1.169 452 ., 560 . 0552 . 353 .0153
.16 1.199 525 .576  .0650 .363 .0182
,18 1.231 601 . 593 .0753 374 ,0213
.20 1.264 .679 L611 .0863 385 0246
.22 1.299 .759 .630  ,0979 .397 .0282
.24 1,335 841 .650  .1101 L4100 L0321
.26 1.373  .926 , 671 L1231 L4223, 0362
.28 1.413 1.013 .693 1368 437 .0koy
30 1.456 1.102 717 L1514 452 . 0455
.32 1.502 1.193 L7h42 . 1668 .L468 .0508
.34 1.551 1.286 . 769 .1833 , 485 .0565
.36 1,605 1.381 .798  .2009 .503  ,0627
.38 1.663 1.477 .830 . 2199 .522 , 0696
.40 1.727 1.574 . .865 2405 543 L0771
42 1.799 1.670 .903 , 2625 . 566 ., 0855
44 1.880 1,765 L9k6 286 . 591 . 0948
46 1.974 1.857 . 994 . 313 .617 . 1051
48 2.087 1,94k 1,048 3433 647 1167
.50 2.229 2,026 1.109 .3778 .679 .1296
.52 2,421 2,108 1.183 4198 715 L 14Ly
.54 2.711 2,213 1.271 LL742 . 755 L1622
. 56 3.255 2.493 1.379 .5503 ,800 . 1828
.58 4949 4128 1.510 ,6627 . 851 .2072
.60 1.665 .8314 907 . 2363
.62 1.837 1.,0676 .971 L2712
.64 2,016 1.3576 1.042 L3122
.66 2.198 1.6702 1.121 . 3596
.68 2.382 1.9800 1.209 .h132
.70 2.575 2,2757 1.305 .4726
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TABLE 4-1.

aZj+ 1)
.981

1.003
1.027
1.051

1.078
1.103

1.130
1.158
1.189
1.221

1.255

1.290
1.328
1.368
1.410
1. 454

1.502
1.555
1.612
1.676
1.749

1.829
1.921

2.029
2.160
2.327

2.549
2.876
3.434
4.773

R

.000

.057
,117
1179
-213
.309

. 377
.hh7
521
- 596
.675

- 7156
. 839
. 925
1.014
1.105

1,199
1.296
1.397
1.502
1.611

1.723
1.841
1.968
2.107
2.268

2.472
2.779
3.384
5.366

STEWARTSON'S TABLES (CONT)

b%/a’® = 0.10
n =2
aj e 1) R
L4l .0000
. 453 . 0061
. 465 .0125
477 .0193
490 ,0265
.503 .0339
.517 o7
.532 . 0500
.547 .0588
.563 .0682
.580 . 0781
. 598 .0886
.617 .0998
. 637 L1116
.659 .1242
.681 .1376
.705 1520
. 731 .1675
.759 . 1843
.789 .202%5
.821 2225
. 857 2443
.896 .2683
.940 .2950
.988 .3253
1.041 .3602
1.102 .LO11
1.172 4502
1.253 .5106
1.346 . 5869
1.454 .6860
1.578 8133
1.718 .975s
1.873 1.1707
2.041 1. 3947
2.222 1,6378

AMCP 706165

a2y t 1)

.267

.27k
.282
.289
. 297
. 306

.31h
.323
.333
. 343
.353

. 364
. 375
. 387
.Loo

L1k

428
.443
.459
.476
. 495

.515
. 537
.560

. 585
.612

.643
676
712
. 753
.798

.849
. 906
971
1.044
1.126

2R

. 0000

. 0015
. 0031

.0047
.0065
. 0085

.0106
.0128
.0153
.0179
.0207

.0238
.0270
.0306
.03L4
.0385

.0k430
.0479
.0531

.0589
.0653

.0723
.0800
.0885

.097
.108

1203
. 1337
. 1489
.1663
.1865

.2097
.2368
.2682
.3047
. 3469

445
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

a(2) + 1)

. 966

9.421

2R
.000

.057
.115
.176
.239
. 304

.37
LAl
.51k
.590

. 668

.750

.834

.921
1.011
1.104

1.201

1.303
1.410
1.523
1.645

1.773
1.0911
2.064
2.241
2.458

2.739
3.149
3.885
5.768
21.765

b%/a? =0.15
n =2
a(2) + 1) 2R
s . 0000
.425 0054
. 436 L0111
.448 0170
. 460 .0233
.473 .0299
. 486 .0368
. 500 .ol
,514 .0519
. 529 .0601
.545 0689
.562 .0782
.598 . 0985
.618 .1097
.639 1217
662 1346
.685 . 1484
VAR .1635
739 L1799
.769  ,1978
. 801 .2173
.836 ,2389
.875 .2630
.918 . 2900
. 964 .3205
1.017 . 3556
1.076 .3964
1.142 .4hhy
1.218 .5029
1.305 e5735
1.404 .6607
1.517 . 7689
1.646 . 9006
1.790 1.0582
1.951 1.2408

a2 + 1)

. 245

. 251
.258
.265
.272
. 280

, 288
/296
. 305
.314

.323

.333
.343
. 354
. 366
. 378

.391
. 405
AL
435
451

469
.4,88
.509
.53
.556

. 582
.611
.643
.678
717

. 760
.809
.86L
.927
.998

2R

.0000
.0012

.0025
.0039
.0054
.0070

.0087
.0106
.0126
.0148

L0171

.0196
.0223

.0253
.0284
.0318

. 0355

. 0395
.0439
.0L87

.0539

.0596
. 0658

.0727
.0803
.0887

.0981
. 1087
.1206
. 1340
. 1493

. 1668
.1870
.2103
.2373
. 2688
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

o—*l

o000 o
(%] (& No's Yo )W nd O] OO N o

N TR

o po BB
>IN

b%/a? =0.20
n = 1 n =2 n=23
c C C

a2j + 1) 2R a@j + 1) 2R a@j t 1) 2R
947 . 000 387 .0000 .224 ,0000
.968 .055 .398 .0048 .230 ,0010
.991 L113 408 .0097 .236 . 0020
1,015 172 9 .0149 L2242 .0032
1.039 234 .430 .0202 . 249 ,0044
1,065 ., 298 ,442 .0259 . 256 .0057
1,091 . 364  hsh .0313 ,263 0071
1.119 .433 .L67 .0382 271 . 0086
1.149 .50k 480 L0450 279  .0103
1.180 .579 .494  ,0521 . 287 .0121
1.214 .657 .509 .0597 .295 ,0140
1.249 . 739 . 525 L0677 . 305 .0160
1.287 .823 541 .0762 314 ,0183
1.327 .910 . 558 . 08353 .324 .0207
1.369 1,001 .577 .0951 .32k .0232
1.415 1.096 .596 .1055 .346 ,0260
1.464 1.195 617 1167 .357 .0291
1.518 1.299 . 639 1288 .370 .0323
1.577 1.411 ,662 1419 .383 .0359
1.644 1.530 .688 1561 .397 .0398
1.719 1.660 715 1717 412 ,0440
1.803 1.800 .74k . 1888 .428 .0487
1.899 1.954 776  .2077 A5 . 0537
2.011 2.129 L8171 , 2285 Lok .0593
2.147 2.331 . 849 .2516 C48L L0654
2315 2.576 .890 2774 505 .0722
2.532 2.897 .937 .3070 .529 .0797
2.831 3.358 .988  .3409 . 555 . 0881
3287 4.128 1.045 .3799 .583 .0976
4.114 5.781 1.110 .4257 614, 1082
6.509 12,660 1.183 . 4801 .6L8 .1202
1.266 . 545k . 687 .1338
1.360 .6239 . 729 . 1495
1.469 .7193 778 .1674
1.592 .8342 832 . 1883

1.733  .9706 .894 2125

417
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

b%/a? = 0.25
n =1 n =2 n =3
C c c

A a(2j + 1) 2R a2j + 1) R a@2j +1) 2R
.00 .925  .000 360  .0000 205  .0000
.%i .96 o5k .370  .00L41 .210  ,0008
06 .86 .119 .389 0083 T2V Y
.08 1.015 .229 400 L0173 .228  .0035
. 10 1,039 ,290 W11 T0221 .23L  00Lé
12 1,065 354 L4220 0272 .21 0058
L1k 1.092 422 L3k 0326 248 0070
16 1.122  ,L92 Jhhé 0383 .255 . 0083
.18 1.153 . 565 459 oLLL 262 , 0098
20 1.185 .62 473 .0509 270 L0113
.22 1.220 722 488 0577 .278  .0130
24 1.257 806 .503  ,0650 .287 .01L48
.26 1,296  ,893 519  .0728 .296  ,0168
28 1.338 .983 536  ,0811 .306  .0189
30 1,383 1.078 .553  .0900 .316 . 0211
32 1.432 1.178 .572 . 0996 . 326 0236
.34 1.485 1.285 .593 1100 .338  ,0263
36 1.543 1.398 B1L 121 .350 ,0291
.38 1.609 1.522 637 1333 362  ,0323

0 1.683 1.657 662 1466 .376 .0357
42 1.765 1.803 689 1612 .390 .0395
44 1.859 1.966 .718 .1712 Lh06 , 0436
46 1.970 2.150 749 1949 .23, 0481
glg 2,100 2.366 783,214k L1 0530
. 2,261 2.630 820 2361 L6o . 0584
.52 LR
.54 3.986 3.919 567 . 3887 g0 :05%5
. 56 3,138 4.190 957  ,3206 ,530  ,0787
.58 3.802 5.616 1.013 3573 .557 . 0871
.60 5.307 9.816 1.076 ,LookL .588 . 0966
.62 1.148 .51 .622 1074
.gg 1.229  .5111 .660 ,1197
. .70 1
68 1433 -ggse 989 -1283
- 70 1,550 7727 .806  .1692
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

b%/a? = 0.30
n =1 n =2 n =3
(o4 (o] [

a@2j+ 1) 2R a2j t 1) 2R a(2j + 1) 2R
.900 .000 .333 .0000 .187  .0000
.920 .052 .342  .003%L .192 ., 0006
.9l .106 .351 .0070 .197  .0013
.963  .162 .360 .0106 .202  ,0020
.987 .220 .370 .0145 ,208 .0028
1.011 .281 .380 .0186 .213  .0037
1.036 .343 . 391 .0229 .219 0046
1.063 .LoO8 .Lo2 .0274 .226  .0056
1.091 476 413 .0322 .232  .0067
1.121 . 548 425  .0373 .239  .0079
1.153  .623 438  ,0428 .246 . 0091
1.187 .701 . 451 . 0485 254 0105
1.223 .783 .L65 0547 .262  .0119
1.261 .869 .480  .0612 .270  .0135
1.302 .958 .495  .0682 .279  .0152
1346 1.052 .512  .0757 .288  .0170
1.393 1.152 .529 ,0838 297 .0190
1.445 1.258 .548 .0925 .308  .0211
1.502 1.372 .567  .1019 318 .0235
1.565 1.496 588 .1122 .330  .0260
1.637 1.633 .611 .1234 .342  .0288
1.717  1.781 . 635 .1356 .356  .0318
1.808 1.948 .661 J490 . 370 .0351
1,913 2.138 . 690 .1638 .385 0387
2.037 2.360 .720  .1801 Lot .0426
2.188 2,629 .754  .1982 19 Lok70
2.378 2.972 .790 .2185 . 438 .0518
2,625 3.437 . 831 .2415 458 0571
2973 4.134 .875 .2676 LB1 .0631
3.517 5.361 .925  .297h4 .506  .0698
L 564 8.244 .980 .3319 .5633  ,0774
8.380 24.961 1.042  .3718 .564 .0859
1.113  .14189 .598  .0957

1.193 4746 .636 .1068

1.286  .5410 .679  .1197

1.391 .6197 .728  .13L6

449
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TABLE 4-7. STEWARTSON’'S TABLES (CONT)

b%/a? = 0.3
n =1 n =2 n =3
C C [

Ty a2j + 1) 2R a2y +1) 2R a2y + 1) 2R

. .00 .872 .000 .307 ,0000 .170 ,0000
.02 .892 050 .315 ,0028 .174  .0005
.04 .9l2 .102 .323 .0057 0179 .0010
.06 .934 .155 .332 .0088 184 0016
.08 .957 .21 . 341 ,aL 20 .189  ,0023
. 10 .980 269 .350 0154 .19% . 0029
.12 1,004 .329 ,360 .0189 . 200 ,0037
Ak 1.030 .392 .370  .0227 .205  ,0045
.16 1.057 .458 .380 ,0267 .211  ,0053
.18 1.086 .527 .301 .0309 .217  .0063
.20 1.117 .600 .Lho3  .0354 .22 . 0073
.22 1.150 .676 s, 0Lo2 .231 .0083
.24 1.184% .755 428 0453 .238 ,0095
.26 1,221  .838 A1, 0507 245 0108
.28 1.261 . 926 ,456 .0565 ,253 .0121
.30 1.303 1.018 47 .0628 . 261 .0136
.32 1.349 1.116 487 . 0695 .270 .0151
. 34 1.399 1.220 . 503 .0767 ,280 .0169
. 36 1.454 1,333 . 521 .0845 ,289 .0187
.38 1.515 1.457 541 .0930 .300 .0207
4o 1.584 1.593 .561 .1023 .31 .0229
.42 1.659 1.741 .583 .1124 .323  ,0253
.44 1.746 1.908 ,607 .1235 .336 .0279
.46 1.846 2.097 .632 1357 .349 .0308
.48 1.963 2,317 460  .1492 ,364 .0339
. 50 2.104 2.582 .690 .1640 . 380 .0374
.52 2,277 2.916 .723  .1807 .397 .0L12
.54 2,500 3,359 .759 .1995 1116 0455
. 56 2.802 3,996 .799  .2207 436 0502
.58 3.250 5.039 .843 ,2448 .L58 0555
.60 4.022 7.143 .892 2724 .483 0615
.62 5.920 14.119 .946 . 3043 .510 ,0682
.64 1.008 .3415 . 541 .0759
.66 1,078 . 3851 .575 .0847
.68 1.159 .h366 .613 .0948
.70 1.251  .4980 .657  .1065

420



TABLE 4-1.
n =1
<
a(2j + 1) 2R
.842 .000
. 861 .047
. 881 .097
.901 . 148
.923 . 201
.9L5 . 256
. 969 .313
. 994 0373
1.020 L36
1.048 .503
1.077 .572
1.109  .645
1.142 .722
1.178 ,802
1.215 . 886
1.256 .975
1.300 1.070
1.348 1.172
1.401 1.282
1.459 1.402
1.524 10535
1.596 1.680
1.677 1.842
1.771 2.026
1.881 2,240
2.010 2.L97
2.168 2.814
2.367 3.226
2.629 3.799
3.000 4.675
3.591 6.270
4764 10.204
9.819 39.504

STEWARTSON'S TABLES (CONT)

b2/a? = 0.40
n =2
- ¢
a2j t D R
. 281 .0000
.288 .0023
. 296 .00L7
. 304 .0072
.312 . 0098
. 320 .0125
. 329 L0154
.338 .0185
. 348 .0218
.358 .0252
. 369 .0289
. 380 0328
. 392 .0369
Lok ok
417 ,0461
.h31 .0512
.LLsg .0567
.L60 .0626
h7 .0S90
L9 .0759
.513 .0835
.533 .0917
eb54 .1008
577 .1107
,602 .1217
.629 . 1337
.658 ,1473
.691 L1624
.726  ,1795
.765 . 1989
. 809 2210
.857 .2L63
91 . 2757
.973 .3100
1.043 . 3502
1.124 . 3980

AMCP 706-166
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

b%/a? = 0.45
n =1 n =2 n =3
T aj+ 1) IR a2j+1) =R a2j + 1) R
.00 .810 .000 .255 ,0000 .138 .0000
.02 .828  .0Ls5 ,262  .0018 142 ,0003
.04 .847  .092 . 269 .0037 .146 . 0006
.06 .866 .140 .276 0057 150 .0010
.08 887 .190 .284 0078 .154 . 0014
.10 .908 . 242 .291 .0100 .158 .0018
12 .931 .296 .299  ,0123 163 . 0022
14 .954 .353 ,308  .0148 .167  .0027
.16 . 979 412 .317  .017h4 172 .0032
.18 1.006 . 475 .326 .0202 177 .0038
.20 1.034 5k .335 .0231 .182 . 00LL
22 1,064 ,610 .346  .0263 . 188 .0051
24 1.096 .683 .356  .0296 . 194 ,0058
.26 1.130 .759 .367 .0332 ,200 0066
.28 1.166  .8L40 .379 .0370 .206  .0074
.30 1.205 925 .391  .0410 .213 . 0083
.32 1.247 1.016 . 4os .OL5L .220  ,0092
.34 1.292 1.114 .18  ,0502 ,228 0103
.36 1.342 1.220 433 . 0553 236 0114
.38 1.397 1.335 .449 .0609 . 244 .0127
40 1.459 1.L462 . 466 .0669 .253  ,0140
42 1,528 1,604 . L8L .0735 .263 .0155
.44 1.603 1.760 .503 ,0808 .273 .01
,46 1.691 1.937 .524 . 0888 ,284 ,0188
48 1.792 2.141 .546 . 0975 .296 . 0207
.50 1.910 2.380 .570  .1072 .309 .0228
.52 2.052 2676 .596 .1180 .323  .0252
.54 2.229 3,052 .625 1301 . 338 0277
.56 2.456 3,560 .657  .1437 .354 .0306
. 58 2.766 L4, 299 .691 . 1590 . 372 .0338
.60 3.227 5.527 730  .1765 .392  .0374
.62 4.028 8,043 773  .1965 413 .okis
.64 6.051 16.751 .821 2196 .438 . 0L61
.66 .875 .2464 ,465 . 0514
.68 .937 .2778 . 495 .0576
.70 1.007  .3148 .530 0646
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

b2/a? = 0.50
n =1 n =2 n=3
C C [o]

a(2) t 1) 2R a2j t 1) 2R a(2) +1) 2R
.775 .000 ,230  .0000 .123  ,0000
.792  .042 .236 .. 001k 127 ,0002
.810 .085 .243 0029 130  .0005
,828 131 . 249 . 0045 134 . 0007
L8488 178 ,256 0061 137  ,0010
.869 226 .263  .0078 141 .0014L
890  ,277 .270  .0097 145 0017
,912  ,330 .278  ,0116 149 L0021
,936  .386 .286  .0137 .154  ,0025
961, Lbb 294 ,0158 .158  .0029
.988 . 506 .303 . 0181 .163 .003L

1.017 .571 , 312 ,0206 . 168 .003

1.047 ,6L0 . 321 ,0232 .173  .00L

1.079 712 .33 ,0260 179 .0050

1.113 . 788 ., 342 .0290 , 184 ,0056

1.150 . 869 . 353 .0322 . 190 ,0063

1.190 .955 , 365 .0357 . 197 . 0070
1.233 1.047 0377 .0394 . 203 ,0078
1.280 1.147 ,391 , 0434 L2117 .0087

1.331 1.256 . L4os . 0478 .218 . 0096
1.389 1.377 420 ,0526 .226 , 0107
1.453 1.510 436 .0578 235 ,0118
1.525 1.659 U453 L0635 24k .0130

1.606 1.828 LL72 .0697 . 254 ,0143
1.698 2.018 492 .0766 . 264 .0158
1.803 2.236 .513 . 0842 , 276 L0174

1.931 2.507 .537 .0926 .288  .0191

2.088 2.847 , 562 , 1021 , 301 L0211

2.284 3.290 . 590 L1127 . 316 .0233

2.543 3.910 .621 L1247 . 332 ,0257

2.909 4.866 655 .1383 . 349 .0285

3.487 6.588 693 1539 . 369 .0316

4.625 10.812 , 735 1718 . 390 . 0351

9.260 39,918 783  .1926 LAh L0391

836  .2167 Lu4k2  ,0L38
.898 . 2453 472 L0492
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

b%/a? = 0.60
fr } n -2 n
C C C

o a2j+ 1) 2R aj + 1) IR aQj + 1)
.00 .697  ,000 .182 . 0000 096
.02

. _ .18 . 0008 .098
.04 438 333 18§ - g998 1101
.06 J7hL 109 196 . 0025 .10k
.08 .762 149 .202 0035 107
- 10 .780  .190 .207 004k 110
12

. ) .213  .0055 113
12 g?g %;é .219  .0066 116
18 840 325 .225  ,0077 119
0 .862 375 .232  ,0090 .123

.886 . L27 .239 0103 126
%& .91 482 2L .0117 .130
24 .937 . 5b1 254 0132 134
‘o8 .966 602 .261 0147 .138
28 .996  .667 .270 0164 143
. 1.028  .736 .278  .0183 148
.32 1.063 .810 .288 0202 152
.34 1.100 .889 .298 022k 128
.gg 1.141 .975 .308 o247 163
1o 1.185 1.068 319 0272 169
' 1.23L 1.170 .331 .0299 175
.42 1.288 1.283 343 ,0328 182
‘44 1.348 1.409 .357 0361 189
.46 1.416 1.549 . 371 .0397 . 197
.48 1.491 1708 .387  .oL3é . 205
.50 1.577 1.886 .403 o479 L214
:%ﬁ 1.678 2.102 .Zzz .0527 -323
56 [.493 2384 ‘1el -9ef) 502
.58 2.12h 3114 487 o710 . 257
. 60 2.360 3.702 .513 0787 .270
.62 2.687 4.585 . 541 0875 28
.64 3191 6.133 574 10976 I3o§
.66 4.116 9.591 .610 1092 . 320
.%3 6.948 25.388 .650 1228 .34
. .697 .1388 . 365
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TABLE 4-1. STEWARTSON'S TABLES (CONT)

a2+ 1) 2R
.606 ., 000
.619  ,028
.633  .057
.647 .086
.66L .117
.677 49
.693  .183
.710 .218
.728 256
747  .295
.767 .336
.788  .380
811 426
.835 .474
.860 .526
.887 .580
.916 .639
.948 702
.81 .769
1.018 . 843
1.058 .923
1.102 1.012
1.151 1,109
1.204 1.217
1.264 1,338
1.330 1.473
1.407 1,632
1.496 1.818
1. 600 2.042
7.725 2.319
1.878 2.674
2,074 3,152
2,337 3.845
2,718 4 960
3.347 7.116
4,729 13.311

b%/a? =0.70

-149
.154

.158
.162
.167
172
177

. 182
.188
.194
.200
.206

.2‘3
.220
.228
.236
245

. 254
.264
.275
.286
. 298

.3‘2
. 326
342
. 359
.378

- 399
422

. 448
.478
511

R

. 0000

.0004
.0008
.0012
.0017
0021

0026
0032
.0037
0043
0050

.0056
.0063
.0071
.0079
.0088

.0098
.01 08
.0119
.0131
0145

.0159
.0175
.0192
0211
. 0232

. 0256
.0282
.0312
. 0345
.0382

.0425
. 0474
.0531
0597
.0675

AMCP 706-165

n =3
a2 + 1) 2R

.070 .0000
.072 .0001
074 . 0001
.076 .0002
.078 0003
.080 .0003
.082 .0004
.084 ,0005
.087 . 0006
.090 0007
.092 .0008
.095 ,0009
.09 .0011
0 .0012
104 L0014
108 .001 6
L111 .0017
.115 .0019
119 .0021
123  .0024
.128 .0026
.133 . 0029
.138 .0032
.143  .0035
. 149 .0039
.156 .0043
.163 .0047
.170 .0052
.178 .0058
.187 .0064
.197 .0070
.208 .0078
. 220 . 0087
.233 .0097
.248 .0L08
.265 .22

425
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TABLE 4-7?. STEWARTSON'S TABLES (CONT)

b%/a® = 0.80
n =1 n =2
Ty a2+ 1) 2R a(2j + 1) 2R

.00 . 496 . 000 . 088 . 0000
.02 .507 .019 .091 . 0001
.04 .517  .039 .093 .0003
.06 529 . 060 .096 .0004
.08 .541 ,081 .098 .0006
10 .553 104 . 101 .0008
.12 . 566 . 127 104 . 0009
A4 .580 .152 107 L0011
.16 . 594 .178 . 110 .0013
.18 . 609 .205 .113 .001 6
.20 .625 ,234 117 .0018
. 22 .642 . 264 . 120 .0020
.24 . 660 .296 .124  ,0023
.26 . 679 .330 .128 . 0026
.28 .699 . 366 .132 . 0029
.30 .720 . kOS5 .136 ,0032
.32 .743 . 445 .141 .0035
.34 .768 1489 .145  ,0039
.36 .794 . 536 . 160 .0043
. .822 ,587 .156 .0048

.853 . 643 . 162 .0052
,42 .887 . 703 .168 .0058
1N . 923 170 78 . 0063
.46 . 963 843 . 181 .0070
L8 1.007 . 924 .189 . 0077
.50 1,056 1,013 . 197 .0084
.52 1.110 1,116 .205 0093
.54 1.172 1,234 .218 .0102
. 56 1.243 1,371 .228 .0113
.58 1.325 1.534 2& .0125
.60 1,422 1.731 9 0139
. 62 1.537 1.975 .263 .0154
.64 1.681 2.294 .278 L0172
. 66 1.86 2,721 .29 .0193
. 68 2.10 3.346 .31 0217
.70 2,466 L, 367 . 335 .0246
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN
FLUID FREQUENCIES AND RESIDUES FOR VARIOUS CYLINDRICAL CAVITIES OF

HEIGHT 2c  AND DIAMETER 2a, WITH CYLINDRICAL CENTRAL COLUMN OF DIAMETER 2.
THE REMAINING CAVITY 18 ALWAYS 100% FILLED.

A27
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

r¥/a? =005
n =1 n=2 n =3
c c C

T, aQ2j + 1) 2R a2 £t 1) 2R aQj + 1) 2R
.00 800 .,000 .359  .0000 231 .0000
.02 .822  ,043 370 .0022 .238  ,0013
L0L .845 ,088 380  .00L5 245 ,0027
.06 .868 .136 .391 .0071 252 0042
.08 .892 186 403 10099 .259 .0058
.10 .916 .239 A15 0 ,0130 266 ,0075
.12 Sh2 .294 L2700 L0164 .274  .0094
ALk .968  ,352 440  ,0201 .283 L0114
.16 .995 413 L5L L0242 291  .,0135
.18 1.024 L76 k68,0286 300 .0158
20 1.053 .543 L82  ,0334 309 .0183
.22 1.083  .5611 498  ,0387 .319 ,0209
24 1.115 683 514 ,oLul .329  ,0238
.26 1.148 .757 .531 .0507 340 ,0248
.28 1.182  ,834 .549  ,0575 352 .0301
.30 1.218  .914 .567 .0649 364  ,0336
.32 1.256 .997 587 .07 30 376 .0373
.34 1.295 1,083 .607 0818 . 330 0414
.36 1.336 1.172 629 0914 Lok ,oLs8
.38 1.380 1.263 652 ,1019 b1 L0505
Lo 1.426 1.358 677  .1133 .b35  ,0556
.42 1.475 1.L56 .703  ,1257 Li52 L0611
A4 1.526 1.557 .731 .1392 L70 0 L0670
46 1.581 1.661 760 .1539 489  ,0735
.48 1,640 1.769 .792 1699 .510  .0805
.50 1.702 1.880 .826 .1874 2532 .0881
.52 1.769 1.995 .862 2064 .557  .0964
.54 1.84k1 2113 902 L2272 .583 1055
.56 1.920 2,235 Ol 2498 .611 L1154
.58 2.005 2362 .990 .2746 B642 ,1263
.60 2,097 2,494 1.041 . 3016 .676 .1383
.62 2.199 2,630 1.097  .3311 14 L1516
.64 2312 2.772 1.150 .3634 .755  ,1662
.66 2.437 2.320 1.226 3987 .801 .1825
.68 2,576 3.074 1.301 4374 .852 2007
.70 2732 3.237 1.386  .L798 2910 2210
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

r?/a? =0.10
n =1 n =2 _ n = 3
- ¢ R ¢
L a2yt 1) R a2+ 1) 2R a2y ¢ 1) 2R
.00 .675 .000 .308 ,0000 ,201 .0000
.02 « 695 .032 « 317 . 0011 . 207 ,0010
.0k .715 .066 326 .002%4 212 .0021
. 06 .736 .102 « 335 .0037 .218 .0032
.08 758 .18 .345  .0052 .225 ,0044
.10 .780 .182 + 355 ,0068 « 231 0057
.12 .203 «225 . 366 ,0086 . 238 L0071
b .827 272 ST .0105 . 245 .0087
.16 .852 . 320 . 388 .0126 252 .0103
.18 278 372 Lot L0149 ,260  ,0120
«20 .905 ,426 13 0175 ,268 .0139
.22 . 933 L1833 426 .0202 ,276 .0159
,24 .562 543 Jiho .0232 .285 .0181
.26 . 993 ,606 . 455 .0266 ,294 .0205
.28 1.025 .672 470 .03203 .304  ,0230
.30 1.058 L7k L86 .0343 . 314 .0257
.32 1.093 .813 .503 .0388 .325 ,0286
.34 1.128 888 521 0436 . 337 .0318
.36 1.167 067 .540 L0430 . 349 .0352
.38 1.208 1.04¢ . 560 .0550 . 362 .0389
.40 1.250 1134 .582 .0615 . 376 ,0428
.42 1.295 1.223 .605 .0687 « 390 ,0472
g 1.343 1.315 .629 .0767 .ho6 .0519
RIS 1.394 1.0411 .655 ,0856 423 .0570
.48 1.448 1551 683 .0954 ,441 .0626
.50 1.506 1514 713 .1063 460 .0687
.52 1.568 1.722 746 L1184 ,481 0754
.54 1.634 1,834 . 781 , 1318 . 504 ,0828
. 56 1.706 1.950 .819 .1467 529 .090¢
.58 1.784 2,071 860 .1633 .556  .0998
.60 1.870 2197 . 905 1817 . 586 .1097
.62 1.963 2,328 .955 ,2023 .619 .1206
,64 2,066 2.464 1.010 ,2252 . 655 ,1328
,66 2.180 2,507 1.071 .2507 .696 .1465
.68 2,307 2,757 1.139 2792 .7h1 .1618
.70 2,449 2,915 1,215 . 3110 .792 .1790
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

r’/a? = 0.15
n =1 n =2 n =3
C c —

T aZj+ 1) R a2 + ) W a2 + ) 2R

.00 .585  .000 273 0000 -179  .0000
.02 602,024 280 .0007 184 ,0008
.0k 620,050 283 .0015 -189  .0016
.06 .638 078 296 0023 -134  ,0025
.08 .657  .107 .305 0032 ,200  ,0035
.10 677  .139 314 0041 .206  .0045
.12 698 173 .323 0052 -212  .0056
1k 712,209 333 .0063 -218 . 0068
.16 741 ,248 .3k3  .0076 .224 ,0080
.18 .765 2869 353 .0090 231 .0094
. 20 .789 333 364 0104 238 .010¢
.22 814 373 376 .0121 .245 0125
.24 841 k28 .388  .0135 2253 0142
.26 ,868 480 <501 .0158 ,261 ,0160
,28 .897  .534 1L L0180 -270 0180
.30 .928 ,592 .h28 L0204 -279 0201

.32 959,653 c4h3 0230 .289  .0224
.34 -993 718 459 ,0259 299 .0249
. 36 1.026 .785 .476  ,029] -309  .0276
.38 1.065  .856 453  .0326 .321  .0305
40 1.10L 931 .512 0365 .333 .0337
.42 1.14%6 1.010 .533  .0409 ,346  .0371
.44 1.190 1.09 -554 0458 .360  .0k09
46 1.237 1.178 -977  .0512 -374  .0450
,48 1,236 1,268 €02 0572 390 L0439k
.50 1.340 1.363 .629  ,06k0 LL08 0544
.52 1.397 1 .,k62 .657  .0716 126 0598
«54 1.458 1,565 ,689  ,0802 446 ,0657
.56 1.525 1.673 723 .0899 468 ,0723
.58 1.597 1.787 760 ,1008 492 L0796
.60 1.675 1.¢%05 .00 , 1131 .519  ,0877
.62 1.761 2,029 L8L5 1271 .948  .0968
.64 1.856 2,159 .834 1430 ,580 . 1069
.66 1,961 2,235 343 1609 616 1184
68 2.078 2,439 1011 .181L -857  .1312
.70 2,208 2,530 1.079 . 2047 .702 . 1458
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

-70

a2 + 1)

.515

.530
L 545
. 561
« 378
.596

.51k
« 633
.652
.673
.695

717
.74
.765
.7191
¢819

. 847
.878
.910
« 943
.979

2R

.000
.018

¢038
.060
.033
. 107

.134

.162

192
.225
.25%

s296
.335
. 377
Lh22
L4669

.519
.573
.630

Y
s

~N O
\¥a ANy
I~

—t
L) L)
N CO SO\ =

L) . LY
=t O\ 00
PO et et ot 1O W ONO M

CY ONVLY Jr -

B D) ==d ek ek b ek md od d -
. - L) L] .

RN =t ) 0O [2220) Ba URI N

SINUD ON -

O~ = L0 -~

2/a2 =020
n =2
(o]

a(2j + ) 2R
24,0000
. 251 .0005
,256 .0009
.265  ,0015
273 .0020
. 281 .0027
.289  ,0033
.297 L0041
.306 0049
.316 .0057
« 325 0067
336 .0077
345 .0088
.358  .0101
2363 0114
.382  .012¢
«335  .01L5
,409 .0163
2L 0183
L0 L0205
. 456 L0229
L7l .0256
453 L0286
.51 03220
536 .0358
560  ,0LO1
.585  .okho
.613 .0504
,544 .0566
677  .0637
713 .0718
753 0811
798  .0518
Ry . 1042
.S03 L1184
. 965 . 1349

n 3

<

a(2) + 1) 2R
.161 .0000
.i65 ,0006
.170  .0013
.175 ,0020
.180  ,0027
.185 .0035
.190 0044
.196  ,0053
. 201 L0064
. 207 L0074
,214 ,0086
,220  ,0099
. 227 0112
. 235 .0127
242 0142
. 250 .0159
« 259 0177
,268 L0197
.277 ,0218
.287  .02Lt
.298 L0267
L3100 0294
. 322 .0324
.335 .0357
. 350 .0392
. 365 .0432
. 381 L0475
. 399 .0523
419 ,0576
AL L0636
,464 0702
. 490 .0776
.519  ,0860
.551 .0954
« 587 . 1062
,628  .1184
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

r?/a? =0.25
n =1 n =2 n =3
_c ¢ ¢

T aj+1) R a2 + 1) R aj +1) R
.00 457 .06 .220  ,0000 145 ,0000
.02 k71 Lotk .226  ,0003 145 ,0005
.04 L4BL 030 .232  ,0006 .153 0010
.06 498 Loké 1235 10010 .158 0016
.03 .513 .06k 285 L0014 ,162 0022
.10 .528  ,083 <252 ,0018 .167  ,0028
.12 .5 10k .260  ,0022 171 .0035
1L .561 126 .267  .0027 L176 0042
.16 2579 L1k9 .275  .0032 .182  .0050
.18 .597  .175 .283  ,0038 .187  .0059
.20 .616  .202 .292 0044 193 0058
.22 636 .23 .301  .0051 .199  .0078
.24 .657 262 .31t ,0058 .205  ,0089
.26 679 285 .321  .0066 2211 .0100
,28 2702 ,331 32 .0075 .218  ,0113
.30 1726 .36y .343 oogk .225  .0126
.32 .752 .10 .354  ,0035 .233  ,0140
.34 179 453 .367  ,0106 . 241 .0156
.36 .807  .500 .380 .0119 .250  .0173
.38 838,550 .39L ,0133 .259  ,0191
ko .870 1403 109 l01L3 .269 L0211
B .S0L 659 25,0166 .279  ,0233
A 981 U719 k2 0185 .250  ,0257
L6 .0680 76k LH60 L0206 .302  ,0283
RBY 1.021  .852 K80 ,0230 231 10312
. 50 1.066  ,925 .501  .0258 .328  ,03L43
«52 1.114 1.003 .524  ,0288 .343  ,0378
.54 1.165 1,085 . 549 0323 .359  .olie
.56 1.221 1.173 .576  .0363 .377  .0L59
. 58 1.282 1,266 606 .0L09 .396  ,0507
.60 1.348 1,365 .638 0462 417 L0560
62 1.421 1.470 .67k L0523 Lo L0621
.64 1.501 1.581 714 L0594 .466  .0689
.66 1.589 1.700 .759 L0677 .95 0766
,68 1.688 1,826 .809 L0774 .528  .0854
.70 1.798 1.961 .865 0887 564 ,0955
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TABLE 4-2. TABLES FOR CYLINDRICAL CAV TIES WITH CENTRAL COLUMN (CONT)

r¥/a? = 0.30
n =1 n =2 n =3
C c <

T, a(2j+ 1 2R a2 t 1) 2R a2 t 1) 2R
.00 K03 ,0C0 .1¢8 .0000 . 131 .0000
.02 .20 L011 . 203 ,0002 .135 .ocok
0L Lh32 ,023 ,208 .0004 .139 . 0008
.06 ks ,035 215  ,o0007 142  .0012
.08 LL57 .050 . 221 .000% .146  ,0017
.10 471 ,064 227 .0012 .150 .0022
.12 L85 .080 . 234 .0015 . 155 . 0022
4 . 500 L0983 . 241 .0018 .159 L0034
.16 .515 .116 ,24¢ .0022 . 164 .0040
.18 « 531 .136 « 255 .0025 ,169 L0047
.20 ,548 .157 . 263 .0029 . 174 .0054
.22 ,566 .1C0 271 .003%L .179 ,0062
.24 585k ,201: .220 .0039 .185 .0070
.26 0L 230 289 004L 191 .0079
,28 624,258 ,293 .0050 .197 .0089
.30 646 289 .30 0056 .203  .0100
.32 ,66Y . 321 .319 .0063 .210 L0111
.34 .693 « 356 . 330 ,0070 .218 .0123
.36 .716 .393 . 342 .0079 225 .0137
« 30 .75 .433 .35L .0088 . 233 .0151
.40 LA7h 0 LL77 368  ,0098 242 ,0167
.42 . 805 .523 . 382 0109 .251 L0184
L .838 572 .357  .0121 .261 0203
L6 873 626 413 0135 .272 10224
A48 .S10 .683 L3 .0151 ,283 . 0247
.50 . 950 2 450 L0168 296 ,0272
52 . 394 .810 470 .0188 . 309 .0299
«54 1.040 . 881 . 433 .0210 «323 .0330
.56 1.091 . 957 .517 ,0236 .339 L0364
.58 1.147 1,038 .543 0266 .356 0402
.60 1.207 1.126 .573 .0300 .375 LOllg
.62 1.273 1.212 .605 .0339 .396 .0493
,64 1,346 1.320 641 .0386 L1 .0548

) 1.k27 1.h27 601 .0L40 LL5 L0611
.68 1.518  {,542 .725  ,0505 Lh75 L0682
.70 1,618 1.565 .776  .0581 507 10764
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

r?/a? = 0.35
n =1 n =2 n =3
[ (o] C
T, a2j + 1) 2R a2 + 1) 2R a2j + 1) 2R
.00 .365  .000 176 .0000 .118  ,0000
.02 . 375 .00¢ .183 .0002 . 122 . 0003
.04 .386  ,018 188 ,0003 .125  ,0006
.06 . 397 .023 A9k .0005 . 128 .0010
.08 .Log .038 159 ,0006 . 132 .0013
.10 k21,050 .205  .0008 -136  .0017
.12 433,062 -210 0010 L40 0022
ay Lkhe 075 -217 0012 -144 0026
.16 460,090 -223 0015 - 148 ,0031
.13 L7l .105 .230 .0017 152 0037
.20 L8911 -237 0020 <197 0042
.22 ,504 139 24L 0023 ,162  ,004y
.24 . 521 . 156 «252 ,0026 .167 .0055
.26 .538 179 .260 0030 172 ,0062
.28 .556 .201 ,263 .0033 177 .0070
.30 .575 .224 . 277 .0037 .183 .0078
.32 .595 . 250 . 236 .0042 .189 .0087
.34 .617 277 . 286 .00L7 .196 .00¢7
.36 L6399 ,307 .307  .0052 .203  .0107
.30 .663 338 .318 .0058 .210 .0119
L0 .68¢ . 373 .330 .0065 .218 0131
.42 716 110 L343 .0072 .226 .0145
Lk Jh6 Lg .357  .0020 .235  ,0160
. 46 177 kg3 . 371 .0089 . 245 .0176
.13 .810 .540 . 387 .0099 . 255 L0194
.50 86,530 Lok o111 .266 L0214
.52 .885 .6L5 22 .0123 .278 .0235
.54 . 527 .70L k2 0138 . 291 .0260
<56 973,760 464 L0154 .305  ,0286
.58 1.023 .837 LA87 .0173 .321 .0317
. 60 1.078 012 .513 0135 .338 .0351
62 1,138 .293 .5L2 L0221 .356  ,0389
6L 1.20% 1,081 574 L0251 .377  .0L33
,66 1.276 1.175 .610 .0286 401 .0483
,68 1.359 1.278 .650 .0328 b27 .0540
.70 1.451 1.38y .695  ,0378 k56,0606



TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

,326

. 335
.345
«355
«365
<375

,386
.398
210
L4220
,436

ko
L6k
479
. LS5
2512

. 530
,549
56(\
.590
.613

.637
.663
.650
.720
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. 000
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’D] L
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« 137
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.235

N
o
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N n

I ww
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.662
724

.792
- U(J/
¢91"’8
1.037
1.135

AMCP 706-165

r¥/a? =0.40
n =2
[o]

aj + 1) 2R
160 00000
155 .0001
165 ,0002
L17L .0003
<479  .000kL
18% L0005
.189  .0007
. 194 .0008
, 200 ,0010
,206 L0011
.212  .0013
.219  .0015
,226 .0017
.233  .0020
L2401 .0022
248 L0025
. 257 ,0328
,266  .0031
.275 035
.235  ,0039
256 ,0043
.307 L0048
,320 .0053
.333 .0059
. 3L7 .0065
.362  .0073
.378 .00&1
396 .0090
15 .0101
. 436 .0113
. 459 .0127
L85 L0143
.51L  .0162
5L6 .0i185
. 581 ,0212
,622  ,0244

n =13
[o]

a2j t 1) 2R
,106 ,0000
.109 ,0002
L1112 .0005
.115 0008
L1159 .0010
.122 0014
.125  ,0017
,129 0020
. 133 ,0024
.137 .0029
. 141 .0033
L1545 .003¢
.150 ,0043
154 OOkS
159 .005k
65 L0061
. 170 ,0068
.176  ,0075
.182 ,o0084
. 189 .0023
.196 .0102
,203 L0113
211 0124
, 220 ,0137
,229 .0151
,239 ,0166
,250 .0183
. 261 00202
274 ,0223
288 L0247
.303 .0273
320 ,0303
.33 .0338
. 359 .0377
. 383 L0427
409 oLy

4-37
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TABLE 4=2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

r2/a? = 0.45
n=1 n =2 n =3
-—c N <
T a2 + 1) 2R a(2) + 1) 2R a2j + 1) 2R
.00 L2890 ,000 .143  .0000 .095  .0000
.02 .298%  .005 1L7 L0001 .098  ,0002
.0k .307 .010 .151 .0001 .101 .0004
.05 .315 .016 .155 .0002 L1C3 .0006
.08 L3240 ,022 .160  .0003 .106  ,0008
.10 .33L  ,029 164 0004 .109 .0010
12 L3kl L035 .169  .000L .112  ,0013
L1k .354 Lok .174  ,0005 L115  ,0016
.16 . 364 .052 178 .0006 L119 .0019
.18 .375 061 .18 ,0008 122 ,0022
.20 387 071 .10 ,0009 S126 .0025
022 039,/ 001 0196 10010 ~130 00029
.24 Jhi2 .092 .202 .0012 L1134 ,0033
.26 .425 .1GL .208 L0013 .138 .0037
28 A3 117 .215  ,0015 JAbk3 L0042
20 L5ho 131 .222  ,0016 .y .004L7
.32 170 L1456 ., 230 .0018 .152 .0052
.34 LL87 162 .237 .0021 .158 .0058
.36 .50h .180 .26 ,0023 .163  ,006L
.38 .523 .19% .255 .0025 .169 .0071
LLo 543,220 .26L ,0028 .175  .0078
Ry .56L 2Lz .274%  ,0031 .182  ,0087
LLk .507 .266 .285 .0035 .189  .0095
L6 .612 .293 257 .0038 L1997 .0105
L8 .638 L322 .300 .00L3 . 205 0116
.50 . 666 .353 .323 0oLy 214 .0128
.52 .697  .308 .337  .0053 .223 .01k
.§h .730 ,426 .353  .0058 .234  ,0155
.56 766 LLE7 370 ,0065 .2L5 0171
.58 .806 .513 .389 .0073 . 257 L0190
.60 .849  .563 .410 0082 .271  .0210
.62 .897 .619 k32,0092 .286  ,0233
.ol . 950 L 680 JAU58 .0104 .302 .0260
.66 1.010  .7L38 Lté  ,0118 .321 .0290
.68 1.076 L,822 .518 .0135 342 .0325
.70 1.150 .S05 .554 .0155 . 365 .0365
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

a2j+ 1)

. 257

,264
.272
« 279
.287
.295

.30k
.313
. 322
.332
«342

«353
.364
.376
.388
Lol

L5
L4 h’30
- 445
62

479

108
518
.539
.562
.587

614
.643
.675
.710
.748

.70
.837
.889
048

1,014

2R

.000

OOk
,008
.012
.017
,022

.027
.033
4039
,046
.053
.061
0669
.078
,088
.098

. 109
,122
.135
. 149
.165

L1381
,200
. 220

t%/a? = 0.50
n=2
__c
a2j + 1) 2R
.127 .0000
. 131 .0000
. 134 .0001
.138 .0001
,142 ,0002
. 146 .0002
.150 .0003
154 0004
159 .0004
164 ,0005
.169 .0006
.17 ,0007
179 .0007
.185 .0008
.191 .0010
.197 .0011
,204 .0012
. 211 .0013
.218 .0015
« 226 .0016
« 235 .0018
,Zhh ,0020
« 253 .0022
.263 ,0025
27k ,0027
286 .0030
.299 .0034
.313 .0037
.328 ,0042
« 345 ,0046
« 363 .0052
.383 .0058
,406 .0066
,431 .0075
459 .0085
.30 .0097

.085
.087
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W= =00
=GO PO

Chvs
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P
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90

a2 + 1) 2R

.0000

.0001
.0003
20004
-0006
.0008

.0010
0012
.001L
.0017
"0019

.0022
.0025
,0028
,0032
.0035

.0039
,0044
,0048
. 0054
.0059

.0065
,007 2
.0079
.0087
,0096

.0106
.0117
,0129
0143
.0159

,0176

.0196
0219
0246
.0277
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TABLE 4-2. TABLES FOR CYLINDRICAL CAVITIES WITH CENTRAL COLUMN (CONT)

r2/a? = 0.60
n =1 n =2 n =3
< -—c __c
T a(2) + 1) 2R a(2) ¢ 1) 2R a2y + 1) 2R
.00 .197 .000 098 ,0000 .065  ,0000
002 .202 ,002 .100  ,0000 .067  .0001
.0k , 208,004 .103 ,0000 .069  ,0002
.06 .213  ,006 .106 0001 .071 ,0002
08 .219 .005 .109 .0001 .073 ,0003
.10 ,226 011 112 ,0001 .075 0004
012 .232 01k 115 0001 .077  .0005
L4 .239 .017 L1138 .0001 .079 ,0006
.16 26,021 .122 .0002 .081 .0007
.18 .253 .02k .126  ,0002 .084  ,0009
.20 . 261 .028 - .0002 .086 .0010
.22 .269  ,032 .133  ,0003 .089  ,0012
.24 .278 .036 .138 .0003 ,092 ,0013
.26 .286 .0b1 L1542 ,0003 .08 ,0015
.28 . <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>